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Introduction

1. The Hilbert—Smith Conjecture

The Hilbert-Smith conjecture — which is a generalized version of Hilbert’s Fifth
Problem, see [Hil0O] — states that among the locally compact groups only Lie
groups can act effectively on a finite dimensional manifold. More precisely:

Conjecture (Hilbert—Smith). Let M be a connected manifold. Assume that G is
a locally compact group acting effectively on M. Then G can be given the structure
of a Lie group.

Though the original problem has been solved affirmative the Hilbert—Smith
conjecture is only proven in parts and still open in its full generality. If one would
be able to prove this conjecture then the differentiability assumption in conjunction
with continuous group actions would turn out to be redundant.

Newmann [New31]| and Smith [Smi41] have shown that a non-Lie group G
acting effectively on a finite dimensional manifold necessarily contains a subgroup
isomorphic to the group of p-adic integers Z, for some prime p. Thus the Hilbert—
Smith conjecture can be proven if it is possible to show, that the p-adic integers
cannot act effectively on any finite dimensional manifold.

In 1960 C.T. Yang showed in his article about p-adic transformation groups
[Yan60] that if Z, acts effectively on an n-dimensional manifold M, then the
orbit space M/Z, has homology dimension n + 2.! Yang’s paper yields a possible
approach to prove the Hilbert—Smith conjecture: if one succeeds in showing that
the canonical projection map m: M — M/Z, onto the orbit space does not raise
the homology dimension by 2 then this leads to a contradiction with Yang’s result
and thus proves the conjecture.

Though Yang’s result has been known for long, it was not before the late 90’s
that it was used in an effective way. Repov§ and Séepin showed in 1997 using the
above reasoning that the Hilbert—Smith conjecture holds for Lipschitz maps [RS97 ]
and in the same year Malei¢ affirmed the conjecture for Holder actions [Mal97].
As a last example for the successful application of Yang’s result may serve Martin’s
article from the year 1999 [Mar99] where he proved the conjecture for quasicon-
formal actions.

2. Yang’s Article on p-Adic Transformation Groups

Yang’s article consists mainly of two parts. The first part is devoted to the
construction of certain long exact homology sequences in a modified version of
Smith homology theory. In the second part the author uses the previously acquired
results to prove the main result. The proof is first carried out for manifolds and
free actions of the p-adic integers Z,,, that is, Yang proves first the following result.

Theorem. Let M be an n-dimensional manifold. Assume that the group of p-adic
integers Z, is acting freely on M. Then the homology dimension of the orbit space
M/Z, is precisely n + 2.

Igee Definition 1.51 and Definition 1.52.



After this Yang strengthens this result by proving that the same result holds
for more general spaces, namely homology n-manifolds?, and that it remains true
for an effective action of Z,. That is, Yang proves finally the theorem in following
form.

Theorem. Let M be a homology n-manifold. Assume that the group of p-adic
integers Z, is acting effectively on M. Then the homology dimension of the orbit
space M/Z, is precisely n + 2.

3. Aim and Outline of this Thesis

This thesis focuses only on the first part of Yang’s article. An essential part
of Smith homology theory are certain homology groups which Smith names “spe-
cial homology groups”. The aim is to explain Yang’s construction of the modified
Smith theory for p-adic actions and Cech homology theory for compact spaces.
Shortcomings in the presentation in Yang’s article are rectified and thereby the
comprehensibility of the construction process is improved. Furthermore some mi-
nor mistakes in Yang’s article are corrected and one result is improved, see Section 4
in Chapter 2.

My thesis consists of mainly two parts. In the first part, that is Chapter 1,
we will gather the working tools needed for the construction process. They are all
standard working tools from different mathematical areas in Algebra and Topology.
Due to its introductory flavor the first chapter will not give proofs for the results
but rather refers mostly to the literature. The main aim is to collect the results
and give and form a uniform notation. A main emphasis lies on the construction
of Cech homology theory for compact pairs as this is the homology theory used by
Yang in his article and the construction of the Smith theory is carried out for this
kind of this homology theory.

In the second part of this thesis the actual construction of Smith homology
theory for p-adic transformation groups is performed. The construction is carried
out in three steps. First it is done for the action of cyclic p-groups on simplicial
complexes, then the definition is extended to the Cech homology groups of compact
topological pairs where cyclic p-groups act on those topological pairs. And then
finally the construction is extended to the action of the group of p-adic integers by
using the fact that the p-adic integers form an inverse limit of cyclic p-groups.

Coverings and their nerves play the essential link between the topological prop-
erties of a space and the algebraic construction of the Cech homology groups. In
order to be able to make the extension of the Smith theory developed for simplicial
complexes to Cech homology theory we will need certain coverings which satisfy
some specific properties. This leads to the definition of “special coverings” which
are introduced and discussed in Section 2 of Chapter 2 before the extension of the
Smith theory to Cech homology theory.

In every step of the construction process we will study a collection of homo-
morphisms which arise in a natural way and certain long exact homology sequences
which involve the special homology groups. It will be studied whether it is possible
to extend the definition of the special homology groups in every step of the con-
struction process and whether the homomorphisms studied carry over to each new
step. It will turn out that everything works in a nice way until we reach the last
step of the construction process. Still not all constructions fail and enough remains
working for deriving interesting results. In the last section of Chapter 2 we will
then finally use the homology dimension to improve the obtained results.

2See [Yan58] and [Yan60] for the definition of homology n-manifolds
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4. Prerequisites and Notation

In this thesis it is assumed that the reader is familiar with the basic concepts
and results of point-set topology, algebraic topology and transformation groups.
In particular the reader is assumed to be familiar with the concept of categories
admissible for homology theory® and the Eilenberg—Steenrod axioms for homology
theories as described by Eilenberg and Steenrod in their classical book about the
foundations of algebraic topology [ES52].

In particular it shall be pointed out that we will use throughout this thesis the
convention that compactness implies the Hausdorff condition for topological spaces.
That is, every compact or locally compact space is assumed to be Hausdorfl.

The set of natural numbers is denoted by N and 0 is considered to be an element
of N. The ring of integers will be denoted by Z and the set of real numbers by R.
The ring of integers modulo n are denoted by Z,, := Z/nZ, where the symbol “:="
denotes that the left side is by definition equal to the right side. The group of
the reals modulo the integers will be denoted by R := R/Z. The group of p-adic
integers — see Section 7 of Chapter 1 — is denoted in this thesis by Z,. The power
set of a set A is denoted in symbols by Z2(A).

It shall be pointed out that in this thesis we use a naming scheme which differs
in one essential way from the scheme introduced in Yang’s paper, see Remark 2.21
on page 29. This is done because I believe that this notation is more intuitive than
the original one.

3In the sense of [ES52].






CHAPTER 1

Working Tools

We shall introduce in this chapter all the necessary mathematical working tools
needed for this thesis.

1. Simplicial Complexes and Chain Complexes

Definition 1.1. A simplicial complex K is a collection of non-empty finite sets
such that s’ € K for every s € K and any () # s’ C s. An element s € K is said
to be a simplex, a non-empty subset s’ of a simplex s € K is called a face of s. If
s € K is a simplex then an element v € s is called a vertezr.

The dimension of a simplex s is one less than the number of vertices of s, in
symbols dim(s) := |s| — 1. A simplex of dimension n is also called an n-simplex.
The dimension of a simplicial complex K is the least integer n > —1 such that
dim(s) < n for every s € K or infinity if no such integer exists. The dimension of
a simplicial complex K is denoted by dim(K). A simplicial complex is said to be
finite if the set K is finite. A simplicial complex K is said to be finite dimensional
if dim(K) < oo.

A subset L C K of a simplicial complex is a (simplicial) subcomplez if L is
a simplicial complex. A simplicial pair (K, L) is a tuple consisting of a simplicial
complex K and a subcomplex L C K.

Note that it is customary to identify the vertices of K with the O-simplices
of K, and that we will also identify the simplicial pair (K, () with the simplicial
complex K.

Let K and K’ be two simplicial complexes and denote by V and V’ the set of
vertices of K and K’ respectively. Then a map f: V — V'’ induces in a natural
way a map f: (V) — Z(V'). Note that K is a subset of Z(V) and f(K) is a
subset of Z2(V') but not necessarily of K.

Definition 1.2. A map f: K — K’ is a simplicial map if there exists a map
f: V= V' such that the restriction of the induced map f: 2(V) — 2(V') to the
simplicial complex K coincides with f. If (K, L) and (K’, L’) are simplicial pairs,
then a map of simplicial pairs is a simplicial map f: K — K’ such that f(L) C L.

Given a simplicial pair (K, L) and an R-module' G (for example an abelian
group) we can construct a chain complex C(K, L; G) as follows.

By an ordered k-simplex of K we shall mean a (k + 1)-tuple (v, ...,v) such
that the set {vo,..., v} is a simplex of K. Note that the vertices of the ordered
k-simplex need not to be distinct and therefore {vg,...,v;} can be a simplex of
dimension less than k. The set of all ordered simplices of K is denoted by K, and
the set of all ordered k-simplices of K is denoted by K, . Note that if K # () then
there exists infinitely many ordered simplices.

We denote the free abelian group generated by the set K, , by Ci(K). If (K, L)
is a simplicial pair, then L, j is a subset of K, and Ci(L) a subgroup of Cj(K).

LWhere R is a commutative ring with unit. However, even though we admit this generality
in our definition we will use only Z-modules in this thesis, that is we will consider only abelian
coefficient groups.



We define Cy (K, L) := Cx(K)/Cr(L) and it follows that C (K, L) can be identified
with the free abelian group generated by the ordered k-simplices of K which are
not ordered k-simplices of L.

Given an ordered k-simplex (vg,...,vx) of K we define
k .
On(vo, . vk) = > _(=1)" (v0,.. ., Dy, ., V)
i=0
where (v, ..., 0;,...,v;) denotes the ordered (k— 1)-simplex of K which is derived

from (vp, ..., vx) by leaving out the i-th vertex. It follows that this defines a group
homomorphism 9y: Ci(K,L) — Cix—1(K,L). Further it follows from a standard
proof that Op_10r = 0. Therefore the groups Ci(K, L) together with the homo-
morphisms Ji define a non-negative chain complex. The homomorphisms Jy are
called boundary homomorphisms.

Definition 1.3 (Ordered Chain Complex). Let (K, L) be a simplicial pair. Then
the ordered chain complex C(K, L) of the pair (K, L) is the chain complex

C(K,L) :={Ck(K, L), 0}
If L = 0 then we use the abbreviation C(K) := C(K,0).

If G is an R-module, then the tensor product Ci (K, L;G) := Cr(K,L) ® G be-
comes an R-module in a natural way. Further it follows that (by abuse of notation)
Ok = O ® id makes {Cy (K, L;G), 0y} into a non-negative chain complex.
Definition 1.4. The chain complex

C(K7 La g) = {Ck(Kv L; g)a ak}

is called the chain complex of the simplicial pair (K, L) with coefficients in G. Asin
the definition above we use the abbreviation C(K;G) := C(K, L; G) in case L = ().

For obvious reasons one can identify in a natural way the chain complex C(K, L)
with C(K, L; Z).
If f: (K,L)— (K’',L') is a map of simplicial pairs, then f induces by

f(vo, . vk) = (f(vo),- -, fur))

a map f: Kop — K[, such that f(Lox) C Li,. This map, defined on the
generators of Cy(K), defines a homomorphism f: Cy(K) — Ci(K') and since
f(Lok) C Lg’k this homomorphism induces a homomorphism

fit Cr(K, L) — Cx(K', L),

By abuse of notation we get finally that fix := fr ® id defines an R-module homo-
morphism fi: Cr(K,L;G) — Cp(K',L';G). Tt follows from the definition of the
boundary maps 0y that fr_10x = Ok fi for every integer k. Therefore the fi define
a chain map f: C(K,L;G) — C(K',L’;G) of degree 0.

Definition 1.5. Let (K, L) be a simplicial pair and G an R-module. Then the
module of k-cycles of C(K,L;G) is the R-module Zy(K, L;G) := ker 9y and the
module of k-boundaries of C(K,L;G) is the R-module Bi(K,L;G) := imOg41-
The k-th homology group of C(K, L;G) is the quotient group

Hy(K,L;G) := Zp(K, L; G)/ Bk (K, L; G).

and this group has the structure of an R-module. In the case of the coefficient group
G being the group of integers Z we omit it in the notation for obvious reasons, that
is we write then Z; (K, L) instead of Z (K, L;Z), Bx(K, L) instead of By(K, L;7Z)
and Hy (K, L) instead of Hy(K, L;Z).



It f: C(K,L;G) — C(K',L';G) is a chain map (for example induced by a map
of simplicial pairs f: (K,L) — (K’,L")) then this map induces in the usual way a
homomorphism f.: H,(K,L;G) — Hi(K', L';G) for every integer k.

If g: C(K,L;G) — C(K', L'; G) is another chain map, then by a chain homotopy
D: f ~ g we mean a collection of homomorphisms

Dy: Cy(K,L;G) — Cr1(K', L';G)

such that Dy_10k + Ok+1Dr = fr — gi for every integer k. If such a chain homotopy
exists then we say that the chain maps f and g are chain homotopic. It follows
from a standard proof that chain homotopic maps f and g induce equal maps in
homology, that is f. = g..

The natural question is, when do two maps of simplicial pairs f,¢: (K,L) —
(K',L') induce chain homotopic maps f,g: C(K,L;G) — C(K',L’;G). A simple
necessity for this to happen is given by the concept of contiguity of simplicial maps.
We say that f and g are contiguous if for every simplex s of K the union f(s)Ug(s)
is a simplex in K’ and if for every simplex s’ of L the union f(s")Ug(s’) is a simplex
in L.

Lemma 1.6. Let f,g: (K,L) — (K', L") be contiguous maps of simplicial pairs.
Then f,g: C(K,L;G) — C(K',L';G) are chain homotopic maps. In particular
f+« = g« when passing to homology.

PROOF. One verifies that a chain homotopy D: f ~ g is given by

k
Dy (vo, ..., vx) := Z(—l)i (f(v1)s.oos fvi)sg(vi)s. o, g(vk)). (L.7)
i=0
A detailed proof of this result can be found in [ES52, pp. 164f.]. O

We recall two standard results about chain complexes which will be of impor-
tance later. For a proof of these results see for example [Spa66].

Proposition 1.8. For every short exact sequence
0—C -Sc-Lc"—0

of chain complexes and chain maps of degree 0 one can define for every integer k
a homomorphism 0.: Hy(C") — Hp_1(C") by 0, = (a”t 0do B71), where the
0 on the righthand side is the boundary homomorphism of the chain complex C.
This homomorphism is also called the boundary homomorphism (or connecting
homomorphism) and it has the following naturality property:

If we have another short exact sequence 0 — C' — C — C"” — 0 of chain
complexes and chain maps of degree 0 and if f', f and f" are three chain maps of

degree 0 such that the diagram

0——= (¢ —=C——= (" —0
N
0 c’ C c” 0
commutes, then O, fl = f1O.. O



Proposition 1.9. For every short exact sequence

(03

0—0 oo —o
of chain complexes and chain maps of degree 0 the long homology sequence
2 () 25 Hy(C) 25 () 2 Hy () 25

is exact. O

If G is a compact topological group and if (K, L) is a finite simplicial pair, then
we can topologize the homology groups Hy (K, L; G) using the following construction
(for details see [ES52, pp. 140ff]).

Assume that F is a finitely generated free abelian group, say the generators of F
are ci,...,c,. Then for each ¢ € F ® G there exist unique elements ¢1,...,9, € G

such that
n
c= Z ¢ X g;.
i=1

If one defines with this notation ¢(c) := (g1, ..., gn) for every ¢ € F ® G, then this
yields an isomorphism

p: FoG =g

This isomorphism can be used to transfer the topology of G" to F ® G. In this
way F'® G becomes a compact group since G™ is compact. One can verify that this
topology is independent of the choice of the isomorphism .

Furthermore it follows that if F’ is another finitely generated free abelian group
and f: F — F’ is a homomorphism, then the homomorphism

feid: FR¢—F ®§

is continuous (which is even true in a more general form, but the above result is
enough for our purposes).

We can use this to topologize the homology groups Hy (K, L;G) of a finite
simplicial pair (K,L). Due to the finiteness of the simplicial pair we get that
the group Cj (K, L) is finitely generated for every integer k. Thus by the above
construction the Cy (K, L;G) = Cr(K,L) ® G become compact groups. Since the
boundary homomorphisms 9, of the chain complex C(K, L;G) were defined to be

O @1d: Cx(K, L;G) — Ch_1(K, L; G)

it follows from the above considerations that they are continuous maps.

Now By(K,L;G) = imdyy1 is compact as the continuous image of a com-
pact group. In particular, since we assumed that compactness always includes
the Hausdorff condition, By (K, L;G) is a closed subgroup of Cyx(K,L;G). More-
over Zy,(K,L;G) = ker 9, = 9;, ' ({0}) is a closed subgroup of the compact group
Cix(K, L; G) and thus itself again compact. Therefore

Hy(K,L;G) = Zy(K,L;G)/Bp(K, L; G)

is a compact group since it is the quotient group of the compact group Zy (K, L; G)
and the closed subgroup By (K, L;G).

Note that any map of finite simplicial pairs f: (K,L) — (K’,L’) induces a
chain map f ®id: Cy(K,L;G) — Cy(K’,L';G) which is continuous. Therefore
the induced maps f.: Hy(K,L;G) — Hi(K',L';G) are continuous for every inte-
ger k. This statement completes the topologization of the homology groups for
finite simplicial pairs (K, L) and compact coefficient groups G.
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2. Simplicial G-Complexes

We turn our attention to the situation where K is a simplicial complex where
a finite abelian group G acts on K via simplicial maps. In this case we say that
K is a simplicial G-complex. If (K, L) is a simplicial pair on which G acts on via
maps of simplicial pairs then we say that (K, L) is a simplicial G-pair. The latter
definition amounts to a simplicial G-complex K with a G-invariant subcomplex L.

Note that the action of G on a simplicial pair (K, L) extends in a natural way
to an action of G on the set K, such that L, is a G-invariant subset of K,. Note
further that ordered k-simplices remain ordered k-simplices under the action of G.

Given a set X and a group G acting on X two objects are usually of interest:
the fixed point set X¢ := {z € X : gr = zforall g € G} and the orbit space
X/G:={G(x) : z € X} (where G(x) := {gzx : g € G} denotes the orbit of z under
the action of G). Further, there exists a canonical projection m: X — X/G onto
the orbit space which maps z — G(x).

We would like to apply these concepts to a G-complex K such that K¢ and K/G
are again simplicial complexes and such that the canonical projection is a simplicial
map. If we do this without additional assumptions on K and in a naive way then
we run very quickly in several places into trouble. For instance, even though K¢
is a subset of the simplicial complex K it is not necessarily a subcomplex as there
might be G-invariant simplices s € K which have faces which are not left invariant
under the action of G. Even worse, the orbit space K/G does not have the structure
of a simplicial complex at all and neither can then the canonical projection onto
the orbit space be a simplicial map.

In the following we shall discuss under which assumptions we can avoid the
above mentioned problems. Following [Bre72] and [Kaw91] we will introduce two
properties — property P; and the stronger property P, — for G-complexes which
then ensure that K¢ is a subcomplex and that we can endow K /G with a structure
of a simplicial complex.

Definition 1.10. Let K be a G-complex. We say that K satisfies the property Py
if g leaves the set s N gs pointwise fixed for every g € G and every simplex s € K.

Note that if K satisfies the property P; and L is a subset of K, then L satisfies
the property P;, too. In particular this is true if L is a subcomplex of K.

Proposition 1.11. Let K be a G-complex satisfying property Py. Then the fixed
point set K¢ = {s € K : gs = s for every g € G} consists precisely of those
simplices s € K whose vertices are pointwise fized by the action of G. In particular
K€ is a subcomplex of K. O

For a proof of this result — as for the proofs of the following results in this
section — we shall refer to [Kaw91, pp. 227-233].

Lemma 1.12. Let K be a G-complex satisfying property Py. Let V be the set of
vertices of K. Then G acts on V. Denote by m: V — V/G the canonical projection
onto the orbit space. If {vo,...,vx} is a k-simplex of K then w(vp), ..., m(vk) are
k + 1 distinct elements in the orbit space V/G.

Now the canonical projection 7m: V' — V/G onto the orbit space extends to a
map m: P (V) — P(V/G). It follows that the restriction of this map to K defines a
simplicial map m: K — 7(K) and by the previous lemma this simplicial map sends
k-simplices of K to k-simplices of w(K). Yet we need still additional constraints on
K so that we can identify the simplicial complex 7 (K) with the orbit space K/G
in a useful way.



Definition 1.13. Let K be a G-complex. We say that K satisfies the property P,
if whenever s = {vg,...,vx} and s’ = {govo,...,grvr} are simplices of K (with
gi € G), then there exists a g € G such that s’ = gs.

We say that K is a regular G-complex if K satisfies property P» as an H-
complex for every subgroup H of G.

Note that if K satisfies property P> then this is true for any subset L of K. In
particular this is true for any subcomplex L of K.

Lemma 1.14. Let K be a simplicial G-complex which satisfies property Ps. Then
K satisfies property Py, too. O

Proposition 1.15. Let K be a regular G-complex. Then the assignment
G(s) = m(s) (%)
for all s € K defines a bijection K/G — 7(K) such that the diagram

K/G

V

K

m(K)

commutes. In this diagram the map m: K — K/G is the canonical projection onto
the orbit space K/G and the map m: K — w(K) is the simplicial map induced by
the canonical projection m: V — V/G onto the orbit space V/G. O

Note the abuse of notation in the diagram of the above proposition: we used
the same label 7 for two different maps. But if we use the identification of K/G
and w(K) as given by (*) then those two maps can be viewed to be one and the same
and we will from now on use the symbol K/G to denote the simplicial complex 7 (K).
This then justifies the following definition.

Definition 1.16. Let K be a regular G-complex. Then the simplicial orbit space
of K is

K/G :=7(K).

3. Inverse Limits

Inverse limits will play an essential role in this thesis. Cech homology is defined
by means of inverse systems of homology groups and the p-adic integers are the
limit of an inverse system of p-groups. In addition to the basic definitions related
to inverse limits we shall state some basic results. In this thesis inverse limits are
used for compact topological spaces and topological groups only. Therefore we shall
introduce inverse limits only in this setting. This section follows very closely [ES52,
pp. 212ff.] and for the proofs of the results in this section we shall refer to this work.

Definition 1.17 (Directed Set). A directed set M = (M, <) is a pre-ordered set
(that is the relation “<” on M is reflexive and transitive) which satisfies the fol-
lowing condition: for all a, 3 € M there exists a v € M such that < v and
B <.

A directed set M’ = (M’, <) is said to be a subset of M (in symbols M’ C M)
if « € M’ implies « € M and a = 8 implies a < 3. A subset M’ C M is said to be
cofinal if for each o € M there exists a § € M’ such that a < S.
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If (M,<) and (M’', =) are two directed sets, then by a map of directed sets
©: M — M’ we understand an order preserving map, that is o <  implies p(a) <
o(p) for every o, 5 € M.

Note that the relation “<” is not required to be antisymmetric, that is o < 3
together with 8 < o does not necessarily imply o = (.

The natural numbers N become a directed set with the natural ordering “<”
relation. When we use the natural numbers in this thesis as a directed set we shall
always assume this ordering. Another example of a directed set is the topology of
a topological space ordered by inclusion.

Definition 1.18 (Inverse System). Let M = (M, <) be a directed set. An inverse
system {X, 7} is a function which assigns each a € M a set X, and each pair a < 8
in M a map

ﬂg : Xg— X
such that ¢ is the identity for all « € M and

By —
Moy =T

for all @« < 3 < v in M. The maps 77 are called the projections of the inverse
system.
Let {X', 7'} be another inverse system directed by a set M’. Then by a map
of inverse systems
o {X, 7} — {X', 7'}

we understand a map ¢: M’ — M together with a collection of maps

Past Xap(o/) _)X;H o EM/-,
such that for all o’ < ' in M’ the diagram
Pp’

KXoy — Xp

©(8") Y
@(al) ot
Pa’ /
ti((x’) - XQ/
commutes.
We are now ready to define the limit of inverse systems and maps between them

Definition 1.19 (Inverse Limit). Let {X, 7} be an inverse system directed by the
set M. The inverse limit of {X, 7} is the subset

Xoo C ] Xa
aeEM

which consists of all those elements {24 }acar such that 72 (z5) = z,, for all a < 3
in M. In symbols the inverse limit is denoted by

liLnXa = X

For each o € M we denote the projections to the factors X, by 7o: Xoo — X
Let {X', 7'} be another inverse system directed by the set M’ and let

O {X, 7} — {X', 7'}

be a map of inverse systems. For each © = {74 }acm € Xoo define ), 1= Qo (T4(ar))
for every o € M’. Then it follows that ' = {x],}oem is an element of X/ and
thus we get by the assignment = — z’ a map

Yoot Xoo — Xéo
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which is called the inverse limit of the map ®, in symbols
lim @ := poo

Note that the above definitions yield the commutative diagram

Xo(s) - > Xfi/
n Xoo 22 X! -
X@(a,)Aa/) ; m\t M

for all o/ < " in M’. Note further that the existence of the map ®: {X,7} —
{X', 7'} ensures that X/  is not the empty set in case that X is not the empty
set.

The inverse systems encountered in this thesis will consist of topological spaces,
groups or topological groups. The projections of those inverse systems will be con-
tinuous maps, homomorphism and continuous homomorphisms respectively. Maps
between inverse systems of topological spaces, groups or topological groups will
consist of maps of belonging to the same category respectively. It follows that then
also the limits of the inverse systems and the maps between them belong to the
same category.

The limit of an inverse system of groups and group homomorphisms always
contains the neutral element and therefore the inverse limit is non-empty, too. The
limit X, of non-empty compact spaces and continuous projections {X,, 7} can
be shown to be a non-empty closed subspace of [ X, and therefore we get the
following result.

Proposition 1.20. Let {X, 7} be an inverse system of non-empty compact spaces
and continuous projections. Then the limit

X = lim X,
p—

s a compact space and not empty. In particular the inverse limit of compact groups
is compact. U

And we shall add one more technical result about the inverse limit which we
will need at the end of this thesis.

Proposition 1.21. Let {X, 7} be an inverse system of compact spaces directed
by M and o € M. If U is an open subset of X, such that 7, (Xoo) C U, then there
exists a 3 > o such that 72(Xg) C U. O

Definition 1.22. Let {X, 7} be an inverse system directed by the set M and let M’
be a subset of M as a directed set. If {X’, 7'} is the restriction of {X, 7} to the
directed set M’ then it is called a subsystem of {X,7}. If M’ is a cofinal subset
of M then {X’, 7'} is called a cofinal subsystem of {X,7}.

If {X’, 7'} is a subsystem of {X,n} then the inclusion ¢: M’ — M together
with the identities po: Xy(ay — X, form a map ®: {X, 7} — {X', 7'} of inverse
systems and is called the injection of the system into the subsystem.

Note the counter-intuitive notation in the above definition: when speaking of
inverse systems an injection is indeed going from the larger system {X, 7} into the

smaller subsystem {X’, 7'}l The importance of cofinal subsystems becomes visible
with the following result.
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Proposition 1.23. Let {X, 7} be a inverse system and assume that {X', 7'} is a
cofinal subsystem. Then the inverse limit of the injection ®: {X,n} — {X', 7'} is
a bijection. O

Corollary 1.24. Let M’ be a cofinal subset of M and let {X,7} be an inverse
system directed by M. If x and y are two elements of its limit X then x = y if
and only if o, = Yo for every a € M. O

We still need to define what we mean by inverse systems of descending sequences
of groups and their limits. Therefore recall the following notation: a descending
series of groups S = {Gy, fr} is a collection of groups G}, indexed by the integers
together with a collection of group homomorphisms f: Gy — Gi_1.

S:...HGkin_lé...HGlﬂGOL 1= ...

The series is said to be of order 2 if fi—1fr = 0 (that is im fi C ker fx_1) for all
integers k. The series is said to be exact if im f, = ker fi,_1 for all integers k.

It S" = {Gy, fi.} is another descending series of groups, then a map (of degree 0)
U: S — 5 is a collection of group homomorphisms ¢y: Gy, — G, such that fiyy =
Vi1 fr for all integers k.

Again, if we speak of descending series of topological groups and maps between
them then all the homomorphisms involved are assumed to be continuous.

The extension of inverse systems and their limits to inverse systems of descend-
ing series of groups and their limits is done in a natural way.

Definition 1.25. By a inverse system of descending sequences of groups {S, 7}
directed by a set M we understand a function which assigns each a € M a de-
scending sequence of groups S, = {Ga, fo} and to each pair o < 8 in M a map
7T§: Sz — Sq of degree 0 such that {Gq .k, ﬂg_k} forms an inverse system of groups
for each integer k and such that '

7Tg,k—yfﬁk = fa,kﬂ—g,k

for all & < in M and all integers k.

We can then form for each integer k the inverse system {Gy,m} directed by
M. Moreover the collection { fo i }taenm forms a map Fy: {Gi, mp} — {Gr—1,Tk-1}.
Denote by Gj,o0 and fr o the respective limits. Then by the limit S of the in-
verse system of descending sequences of groups we shall understand the descending
sequence of groups {Gy co, fr.00» in symbols

lim S, := S
—

If {S, 7} is an inverse system of descending sequences of topological groups and
continuous homomorphisms, then the limit sequence is again a descending sequence
of topological groups and continuous homomorphisms. If all the groups are compact
then the groups of the limit sequence are compact, too. It is also easily seen that
if all the descending sequences of the inverse system are of order of 2, then also the
limit sequence is of order 2.

But in general it is not true that if all the sequences of an inverse system of
descending sequences are exact then also the limit sequence is exact. But in the
case of sequences of compact topological groups we have the following result.

Proposition 1.26. Let {S,7} be an inverse system of descending sequences of
compact topological groups directed by M. If for each o € M the descending series
So 18 exact then the limit sequence S, is exact, too. O
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4. Coverings of Spaces

In this section X will be a topological space and A a subset of X. In this thesis
we shall mean by a (self-indexed) covering A of A in X a collection of subsets of
X such that the interior Int U of every U € A has a non-empty intersection with A
and

AC U Int U.
Uex
In the special case that A = X we say that \ is a covering of X (in itself). An
open (closed) covering is a covering which consists only of open (closed) sets. If the
covering A consists only of finite many subsets of X then A is said to be finite.

Self-indexed coverings will be enough for most of the arguments in this thesis.

However we need a definition which admits some more subtle constructions.

Definition 1.27 (Indexed Coverings). By an indezed covering a of A in X we shall
mean a function a: V, — (X)) which assigns to each element v of an abstract
index set V, a subset «, of X such that {a, : v € V,,} is a covering of A in X. In
the special case that A = X we speak just of an indezed covering of X (in itself).
An indexed covering is said to be open (closed) if the set a, is open (closed) for
each v € V,,. The covering « is said to be finite if the index set V, is finite

Note that any self-indexed covering A can be identified in a natural way with
the indexed covering a: V,, — £(X) with V, := X and which mapps each U € A
precisely to U € &(X). On the other hand, if « is an indexed covering with index
set V,, such that the map « is injective, then « can be identified in a natural way
with the self-indexed covering A := {a, : v € V, }.

Note further that the only indexed covering which covers the empty set in X
is ap: 0 — Z(X). This indexed covering corresponds to the empty self-indexed
covering Ao := 0, which is the only self-indexed covering which covers the empty
set in X.

Definition 1.28. Let 5: V3 — Z2(X) be another covering of Ain X. A refinement
projection p: 3 — « from 8 to o is a map p: Vg — V,, such that 8, C ap(). If
there exists a refinement projection p: 0 — « then we say that 0 refines a.

Let U C X be an arbitrary subset and set S := {v € V,, : a, NU # 0}. The
the star of U in « is the union of all sets «,, for v € S, that is

star, (U) := U Q.
veS
Definition 1.29. A star-refinement projection p: 8 — « is a map p: V3 — V,
such that starg(Bw) C ape for every w € Vs. If there exists a star-refinement
projection p: B — « then we say that 3 star-refines .

We shall denote the class of all indexed open coverings of A in X by Cov(4; X),
and the class of all open coverings of X will be denoted by Cov(X). Note that both
Cov(A4; X) and Cov(X) are proper classes and not sets since there is no restriction
to the index sets. Yet we shall treat those classes in the following in a sloppy way
as sets. In [ES52, p. 238] it is shown what restriction one needs to apply to those
classes so that they become small enough to be sets without changing the results
in an essential way.?

Note that the relation “« is refined by 5”7 (in symbols we shall denote the fact
by a < ) makes the sets Cov(A;X) and Cov(X) into directed sets, see [ES52,
p. 235].

2The rough idea is that consider only open coverings which have index sets whose cardinality
does not exceed w(X) where w(X) is defined to be the least cardinal such that X has a base for
its open sets of cardinal power w(X).
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The next result is a consequence of the definition of compactness.

Lemma 1.30. Let X be a compact space and A C X a closed subset. Then any
open covering o of A in X can be refined by a finite open covering B of A in X. 0O

In other words, if X is a compact space and A C X a closed subset then the
set Cove(A; X) of all finite open coverings of A in X is cofinal in the set of all open
coverings of A in X.

From a standart result about paracompact spaces follows the next result.

Lemma 1.31. Let X be a compact space and A C X a closed set. Then any open
covering of A in X can be star-refined by an open covering 3. O

Therefore also the relation “a is star-refined by (7 makes Cov(A4;X) and
Cov(X) into a directed set in the case of X being a compact space and A a closed
subset of X.

Definition 1.32. Let «: V,, — £(X) be an indexed collection of subsets of X.
Then for s C V,, we denote by

Cary(s) == ﬂ Qy
vES
the carrier of s (with respect to ). Let A be a subset of X. Then the nerve of a
with respect to A is the set

Ay i={s CV,:Cary(s) N A #( and s is finite}.

It follows immediately that the nerve A, of a with respect to A has the structure
of a simplicial complex.

Now consider the following case: Let X be a topological space and A, B,Y C X
three subsets with the only constraint that (Y, B) forms a pair of topological spaces.
If «v is a covering of A in X it follows that (Y,, By ) is a simplicial pair. If £ is another
covering of A in X, then (Y3, Bg) is another simplicial pair.

Lemma 1.33. In the above case any refinement projection p: 8 — « defines a map
p: (Y, Bg) — (Yo, Ba) of simplicial pairs and this map is unique up to contiguity.
O

In particular this means that any refinement projection p: 8 — « defines a
unique homomorphism p,: H, (Y3, Bg; G) — Hi(Ya, Ba; G) when passing to homol-
ogy.

5. The Construction of the Cech Homology Theory

In this section we shall introduce the Cech homology theory for the admissible
category of compact pairs and continuous maps between them. The description
of the construction is based on Chapter IX in [ES52] and for the proofs of the
results presented in this section we shall refer to this work. However, we will not
describe the construction process in the generality presented in this book but rather
restrict ourself to closed topological pairs (X, A). This way we avoid technical
difficulties and bring the essential part of the construction process better into light.
See herefore also [ES52, pp. 249f.]. This restriction is not essential to us since after
all we will need the Cech homology theory only for compact and therefore closed
pairs.

Throughout this section we assume that (X, A) is a closed topological pair,
that is, a topological space X with a closed subset A C X. Further G will denote
in this section a fixed R-module with R being a commutative ring with unit. But
even though we construct the Cech homology theory for this general setting we will
use it later only in the case of compact pairs (X, A) and compact abelian groups G
as coefficients.
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Recall that a homology theory for a category of topological pairs admissible for
homology theory consists of three type of objects: homology groups, induced maps
between homology groups and natural boundary homomorphisms. We will outline
the construction process of all these objects for the Cech homology theory.

Let o, 8 € Cov(X) and assume that « is refined by 8. It follows by Lemma 1.33
that any refinement projection p?: 3 — a induces a unique homomorphism

Pl Hi(Xp,Ap;G) — Hip(Xa, Aas G)

in homology independent of the choice of pg*.

Since id: @ — « is always a refinement projection for any « € Cov(X) it
follows that p%,: Hip(Xa,A0;G) — Hi(Xa, Aa;G) is the identity, too. Further,
if a,8,7 € Cov(X) are such that « is refined by 8 and [ is refined by -, then
« is also refined by 7. If p2: 8 — «a, pg: v — [ and p): v — « are refinement
projections, then apparently pgpg: v — « is a refinement projection, too, and thus
by Lemma 1.33 we have the equality pa. = (pgpg,)* when passing to homology.

Then since (pip})« = pg*pg* we get altogether the equality
Pl = Do.p},-
Putting all these pieces of information together this means in other words that
{Hi(Xa, Aa; G), P} (%)
is an inverse system of R-modules directed by Cov(X).

Definition 1.34. Let (X,4) bga closed topological pair and G an R-module. Then
the k-th Cech homology group Hi(X, A;G) of X modulo A with coefficients in G is
the limit of the inverse system (*) as described above, in symbols

Hk(X»A; g) = @Hk(Xou Aa; g)
In the usual way we may omit A or G in the notation if A= 0 or G = Z.

Note that if G is an R-module then the groups Hy (X, A; G) have the structure
of an R-module, too. But in general it is not true that Hy(X, A;G) is a compact
group for compact coefficient groups G.

A sufficient condition for the latter to become true is to consider the Cech
homology groups for a compact topological pair (X, A). In this case we know by
Lemma 1.30 that the set Cov¢(X) of all finite coverings of X is a cofinal subset of
Cov(X). For every covering a € Cov¢(X) we have that the simplicial complex X,
is finite and thus by the methods described towards the end of Section 1 the groups
Hy (X, Aq; G) can be topologized and become this way compact groups. If 8 €
Cov(X) is a covering which is refining o, then any refinement projection p2: 8 — «
induces a continuous homomorphism pg*: H(X3,A8,G) — Hi(Xo, Aa; G). Thus
the collection

{H1(Xa,Aa; G), ps} ()

is an inverse system of compact groups and continuous projections directed by
Cov¢(X). Thus by Proposition 1.20 it follows that its limit will be a compact group.
Now the limit of the injection of the inverse system (x) into the subsystem (k) is
an isomorphism due to Proposition 1.23 and we use this isomorphism to topologize
H,(X, A;G) by demanding that this isomorphism is also a homeomorphism. As a
result of this construction we obtain the following

Proposition 1.35. Let (X, A) be a compact pair and let G be a compact group.
Then the Cech homology groups H(X, A; G) are compact groups. O
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If (Y,B) is another topological pair and f: (X, A) — (Y,B) a continuous
map of pairs, then we need to construct the homomorphism f, : Hi(X,A;G) —
H},(Y, B; G) induced by f. We begin this construction by defining a map of inverse
systems

F,: {Hk(Xaonu g)ap*} - {Hk:(You By; g)ap*}'

If o € Cov(Y) is a covering of Y with index set V,, then for every v € V,, the
preimage f~!(a,) is an open subset of X since f is continuous. Thus we can define
a covering o/ of X with the same index set V,, which assigns to each v € V,, the set
al = f~}(a,). Then o is an open covering of X, that is o/ € Cov(X). Note that
its nerve X, is a subcomplex of Y, and the nerve A, is a subcomplex of B,. We
shall denote by f, the inclusion f,: (Xo, Aar) — (Yo, Ba).

Assume that 3 € Cov(Y) is an open covering of Y which is refining «. De-
note by 8’ the covering of X which is constructed in the same way from 5 as we
constructed o/ from a. Then any refinement projection p2: 3 — a induces a refine-
ment projection pgi: B — o/. By construction we have the equality fapgl, = pgfg.
When passing to homology the homomorphisms induced by the projections pfé:
and p? do not depend on the choice of the refinement projection p? and we get the
commutative diagram

fou
Hy(Xg, A G) — Hy, (Y3, Bg;G)

Phs
Hi(Xor, A3 G) —*“+ Hy(Ya, BaiG)
which depends only on the covering «, 5 € Cov(Y).

Thus the collection of so defined maps fu«, @ € Cov(X), defines a map F :
{Hp(Xa, Aa;G),ps} — {Hp(Ya, Ba; G),ps} of inverse systems and we denote its
limit by f, := @F*

Definition 1.36. The homomorphisms
fer Hi(X, A;G) — Hi(Y, B; G)
as constructed above are called the homomorphism induced by the map f.

It follows that if G is an R-module, then induced homomorphisms are R-module
homomorphisms. If both (X, A) and (Y, B) are compact pairs and if G is a compact
group, then induced homomorphisms are seen to be continuous, too.

The following facts are easily verified to be true: If f: (X, A) — (X, A) is the
identity the so is the induced homomorphism f.: Hy(X, A;G) — Hp(X, A;G). If
fi(X,A) = (Y,B) and g: (Y, B) — (Z,C) are two continuous maps of closed pairs,
then g.f. = (fg).. Thus, if G is an R-module, then H}, which assigns to each closed
pair (X, A) of an admissible category of topological spaces the k-th Cech homology
group Hy (X, A;G) and which assigns to each admissible map f the induced map
f+ 18 a covariant functor to the category of R-modules. If G is a compact group
and each pair (X, A) of the admissible category is compact, then Hj, is a covariant
functor to the category of compact groups.

It remains to construct the boundary homomorphism

for the Cech homology theory. We will construct the homomorphism in two parts.
First we construct a group Hy(A;G)x which will be in a natural way isomorphic
to H(A;G). In order to obtain the boundary homomorphism for the Cech ho-
mology theory we will combine this isomorphism together with a homomorphism
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dl: Hy(X,A;G) — Hjp_1(A;G)x which will be constructed from the boundary
homomorphisms 0,: Hip(X4, Aa;G) — Hi—1(A44;G) for a € Cov(X).

If , 8 € Cov(X) are two coverings of X such that « is refined by [, then any re-
finement projection p2: 8 — « induces an unique homomorphism pg*: Hi(Ag; G) —
Hy(A.; G) when passing to homology. It follows that

{Hk(Aa§ g);p*}

forms an inverse system of R-modules directed by Cov(X). The limit of this system
will be denoted by Hy(A;G)x where the index X shall emphasize that we use
Cov(X) as the set directing the inverse systems and not Cov(A) as in the definition
of the Cech homology groups.

There is a natural way to construct a homomorphism Hj,(A; G) — Hip(4;9)x
which then will turn out to be an isomorphism. If o € Cov(X) is a covering indexed
by the set V,, then denote by VQA the set of all indices v € V,, such that a, N A # (.
Then

o: VA = P(A)w—ad i=a,NA

87

defines an open covering of A, that is o/ € Cov(A4). We can now define an order
preserving map

p: Cov(X) — Cov(A)

by ¢(a) := . Straight from the definition it follows that the simplicial complexes
Aq and A, (o) are identical and we get that the identities Hy.(Ay0);9) — Hip(Aa; G)
together with the map ¢ form a map of inverse systems. We denote its limit by
Yoo and it is an isomorphism

Yoot Hi(A;G) — H(A;G)x. (t)

Now given two coverings «,3 € Cov(X) with 3 refining «, any refinement
projection p?: 3 — «a yields the following commutative diagram of chain complexes
with exact rows:

0 C(Ap; G) C(Xp;G) — O(Xp, A45;G) 0
J p? 4
0 C(Aa7g) C(Xoug) - C(XavAoz;g) 0

Then by Proposition 1.8 there exists a commutative diagram
d
Hy(Xp, Ag; G) —— Hy—1(A4: )

B8 B
Pox Do

Hiy(Xa, Aa; G) —2 v Hy_1(Aa:G)

Thus the collection {9y}, a € Cov(X) defines a map of inverse systems and its
limit yields a homomorphism

9" Hiy(X,A;G) — Hy_1(A;G)x

for every integer k.
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Definition 1.37. For a given closed pair (X, A) and integer k the boundary homo-
morphism

O,: Hk(X,A;g) — Hk_l(A;g)

is the composite of the homomorphism 9" Hy(X,A;G) — Hyp_1(A;G)x with the
isomorphism ¢ ': Hy_1(A;G)x — Hi_1(A;G) where ¢, is the isomorphism de-
fined in (7).

Now that we have constructed all the parts necessary for a homology theory, one
can show that our construction yields indeed a homology theory for an admissible
category of closed topological pairs. The proof of the following theorem is far from
being trivial. It can for example be found in [ES52, pp. 236-250].

Theorem 1.38. Let A be a category of closed topological pairs admissible for ho-
mology theory and let G be a R-module. Let H, f. and 0, be as defined above. Then
the Cech homology theory H := (H, f,,d) with coefficients in G is a homology the-
ory on A which satisfies all the Eilenberg—Steenrod axioms for homology except for
the exactness axiom. U

A homology theory H which satisfies all Eilenberg—Steenrod axioms except for
the exactness axiom is a called a partially exact homology theory. If we want to
stress the fact that H satisfies all Eilenberg—Steenrod axioms then we may express
this by saying that H is an exzact homology theory.

Under some constraints the Cech homology theory can be shown to be even an
exact homology theory. One of those constraints — and this will be the one we need
in this thesis — is that the admissible category used consists of compact pairs and
that at the same time the coefficient group G is a compact group.

Under this condition the inclusions i: A — X and j: X — (X, A) yield a short
exact sequence of chain complexes

0 — C(Aa;G) == C(Xa;G) -2 C(X 4, AniG) — 0

for every a € Cov(X).From Proposition 1.9 it follows that this sequence yields the
long exact homology sequence

. & Hk(Aa§g) L’ Hk(Xa;g) L) Hk'(Xa7Aoz;g) i Hk—l(Aa;g) i)

where all the homology groups are compact and all the homomorphisms are con-
tinuous. Together with the homomorphisms induced by refinement projections this
gives an inverse system of descending sequences of compact groups directed by
Cov(X). Its limit is the sequence

L H(A5G)x 5 Hi(X56) 25 (X, A4;G) 25 Hyoy(AG)x ..

and this sequence is exact due to Proposition 1.26. It follows from the naturality
of the boundary homomorphisms involved in this sequence that this sequence is
isomorphic to the sequence

L F(4G) 45 H(X:6) 2 HL(X, 45G) 2 B (436) = .

This discussion did outline very roughly the proof of the following theorem. A
more detailed discussion of this theorem can be found in [ES52, pp. 245-248].

Theorem 1.39. The Cech homology theory H with compact coefficients G is an
exact homology theory on the admissible category of compact pairs and continuwous
maps between them. O
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6. Special Properties of the Cech Homology Theory

In this section we will discuss some special properties of the Cech homology
theory for compact spaces, namely the so called continuity property and a stronger
form of the excision axiom which is satisfied by the Cech homology theory.

Let A be a category admissible for a homology theory and assume that A
satisfies the following property: whenever {(X,, Ay), 7} is an inverse system in A,
then its limit (X, Aso) is again in A. An example for such a category satisfying
this condition is the category Ac.

If H is a partially exact homology theory on A and {(X,, A ), 7} is an inverse
system of pairs in A directed by some set M, then the groups Hy(X,, A, ) together
with the induced homomorphisms 7B Hy (Xg,Ag) = Hip(Xq, Aq) form an inverse
system of homology groups

{Hk(XomA(x)aﬂ'*}

directed by the set M. Further the projections 7o (Xoo, Aoo) — (Xa, Aa) in-
duce homomorphisms 7q.: Hi(Xoo, Aco) — Hi(Xa, An) which then form a map of
inverse systems

L: Hk(XoovAoo) - {Hk(Xa7Aa)a7T*}'

Note that the domain of L is the trivial inverse system consisting of the single
homology group Hy(Xeo, Axo) alone. The limit £, of L is then a homomorphism

6005 Hk(Xoono) — linHk(XaaAa)

Definition 1.40. A partially exact homology theory H on A is said to be contin-
uous if for every inverse system {(X,, Aq),7} in A the homomorphism £, is an
isomorphism.

Loosely speaking this definition means that for a continuous homology theory
we have that the homology functor Hj commutes with the inverse limit functor
lim, that is

Hy, m(Xom Aa) = liLnHk(Xom A(x)-

For the Cech homology theory one can show — see for example [ES52, pp. 261ff.]
for the proof — that this homology theory is continuous under certain conditions.
Precisely this is the following result.

Theorem 1.41. Let G be an R-module or a compact group. Then the Cech homol-
ogy theory with coefficients in G is a continuous homology theory on the category of
compact pairs Ac. O

Another special property of Cech homology theory is that it satisfies a much
stronger form of excision. For that we first need two more definitions.

Definition 1.42. A map of topological pairs f: (X, A4) — (Y, B) is said to be a
relative homeomorphism if f maps X \ A homeomorphically onto Y\ B.

For example the inclusion which appears in the excision axiom for homology
theory is always a relative homeomorphism. But not every admissible relative
homeomorphism satisfies the properties required by the excision axiom.

Definition 1.43. Let A be a category admissible for homology theory and let H
be a partially exact homology theory on A. Then H is said to be invariant under
relative homeomorphisms, if every admissible relative homeomorphism f: (X, A) —
(Y, B) induces isomorphisms f.: Hy(X, A) — H(Y, B) for every integer k.
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Using the continuity of Cech homology theory on the category Ac¢ one can
show — as for example is done in [ES52, pp. 266f.] — the following result.

Theorem 1.44. The Cech homology theory on the category Ac of compact pairs
is tnvariant under relative homeomorphisms. U

7. The Groups of p-Adic Integers

Recall that we denote by [r] the number [r] := p” for a fixed prime number p.
We recollect the standard definition of the group of p-adic integers which we will
denote in this thesis by Z,.

Definition 1.45 (p-Adic Integers). Let p be a fixed prime number. Consider the
non-negative integers N with the natural ordering “<” as a directed set. For i < j
let 4

hiz Zy) — Zp

be the canonical projection. Then {Z;, h} forms an inverse system directed by N.
Tts limit is called the p-adic integers, in symbols

Zp = @Z[Z]

Finite groups with the discrete topology are compact groups. We use this fact to
topologize the group Z, which then becomes a compact group by Proposition 1.20.

We denote by h; the projections h;: Z, — Zj;; which are continuous and we
denote by Z; := ker(h;) the kernels of those homomorphisms. Since the group Zj;
is a discrete group, the subset {0} is an open subset of Z; and thus Z; = h; 1 ({0})
is an open subgroup of the group of Z,.

If i < j and z € Zj, then hi(z) = h!(hj(z)) = h?(0) = 0 and thus = € Z;, that
is Z; C Z;. Therefore we get a descending series of open subgroups

ZPZZODZ13Z23Z3D...

with Zy) = 2,/ ker h; = 2, /Z;.

The group of p-adic integers belongs to the family of compact, totally dis-
connected abelian groups. More specifically one gets from [RZ00, p. 11, Theo-
rem 1.1.12] the following result.

Proposition 1.46. Let G be a topological group. Then G is a compact and totally
disconnected group if and only if G is isomorphic as topological groups to an inverse
limit of some finite groups G;. Furthermore the groups G; can be chosen to be all
abelian if and only if G is abelian. O

One property of locally compact and totally disconnected topological groups is
that the collection of open subgroups form a neighborhood system of the identity
element, see for example [Pon66, p. 131].

In the compact case one has even the following more specific result. By the
previous proposition we know that if G is a compact and totally disconnected group,
then G can be seen as the limit

G =lmG;
of some inverse system {G;, ¢} of finite groups directed by some indexset I. Denote
by G := [[G; the direct product of the groups and denote by ¢;: G — G; the

projections. Let U C G be an open neighborhood of the identity element e. Then
U = U NG for some open set U C G. By the definition of the product topology we

have ~

Uv=][[v:
where the U; are open subsets of G; such that U; = G; for all i € I but finitely
many exceptions. Denote by J C I the finite set of indices such that U; # G;. Then
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there exists a 79 € I such that j < ig for every j € J. Then we have clearly that
ker(p;,) C U. Since ker(yp;) are open subsets of G it follows that those sets form
a neighborhood system of the identity element. Thus we have shown the following
result.

Proposition 1.47. Let G =1im G; be a limit of an inverse system of finite groups
directed by some index set I and with projections ¢;: G — G;. Then the set
{ker(p;)}icr forms a neighborhood system of the identity element. O

In particular we have that the collection {Z;};cn forms a neighborhood system
of the identity element of the p-adic integers Z,.

Let H < Z, be a non-trivial closed subgroup. Then there exists a minimal
1 € N such that there exists a « € H with h;11(z) # 0. Then H C Z,. On the other
hand it follows that Z; = (z) C H. Thus we have the equality Z; = H. Therefore
we know all closed subgroups of Z,, that is we have the following classification of

the closed subgroups of Z,.

Proposition 1.48. Let H < Z, be a closed subgroup. Then either H = Z; for
some i € N or H = {0} is the trivial group. O

We know already that the subgroups Z; are open subgroups. On the other
hand it follows that there are no other open subgroups in Z,. Thus we have the
following classification of the open subgroups of Z,.

Proposition 1.49. Let H < Z, be an open subgroup. Then H = Z; for some
1€ N. O

The open subgroups of Z, enjoy a simple structure, namely we have the fol-
lowing result.

Proposition 1.50. The groups Z; are topologically isomorphic. In particular
Z,~7,

for every i € N and this isomorphism is given by x v+ p' - . U

8. Homology Dimension

Homology dimension is in this thesis the natural choice for a dimension as its
definition uses the Cech homology groups. We will give in this section its definition
and we will collect a few useful results which we will need in this thesis. In the end
we will state how homology dimension relates to the Lebesgue covering dimension.

Definition 1.51 (Homology Dimension for Compact Spaces). Let X be a compact
space and let G be a compact abelian group. Let n > —1 be an integer. Then the
space X is said to have homology dimension < n (with respect to the coefficient
group G), if Hy(M,N;G) = 0 for every k > n and every compact pair (M, N)
with M C X. If X is of homology dimension < n but not of homology dimension
< n —1, then X is said to have homology dimension n. If X is not of homology
dimension < n for any integer, then X is said to have infinite homology dimension.
In symbols we denote the fact that X has the homology dimension n or infinite
(with respect to G) by hdg X :=n or hdg X := oo respectively.

Note that one can show — see [Ale47] — that hdg X < hdg X for any coefficient
group G. This and the fact that in this thesis we will use mainly R as the coefficient
group for the homology groups makes it the natural choice to omit R in the notation
of homology dimension. That is, we will write hd X instead of hdg X.
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Yang extends the homology dimension to locally compact spaces in the following
way:

Definition 1.52 (Homology Dimension for Locally Compact Spaces). Let X be a
locally compact space and G a compact group. Then its homology dimension with
respect to the coefficient group G is

hdg X :=sup{hdg K : K C X compact}.
Referring to [Cohb54] Yang states the following two results.

Proposition 1.53. Let X be a locally compact space with finite homology dimen-
sion. Then there exists a point © € X such that for all neighborhoods U of x we

have the equality hdU = hd X. O
Proposition 1.54. Let X be a locally compact space and A C X closed. Then
hdx = max(hd A, hd(X \ A4)). O

Recall that the locally closed subsets of a topological space are precisesly those
which can be written as the intersection of an open and a closed subset of X
(see [Bou89, p. 38, Proposition 5]). A simple calculation verifies the following
corollary to the above proposition.

Corollary 1.55. Let B C X be a locally closed subset of a locally compact space X .
Then hd X = max(hd B,hd(X \ B)). O

In particular hd B < hd X for every locally compact B C X, and if hd B <
hd X, then necessarily hd X = hd(X \ B).

Let a: V,, — X be a covering of the space X and n > —1 an integer. Then «
is said to be of order < n, if the set {v € V,, : € a, } has at most n + 1 elements.

Definition 1.56 (Lebesgue Covering Dimension for Compact Spaces). Let X be a
compact space and let n > —1. We say that X has covering dimension < n if every
open covering of X can be refined by a covering of order < n. If X is of dimension
< n but not of dimension < n — 1, then X is said to have covering dimension n.
If X does not have covering dimension < n for any integer n > —1, then X is said
to have infinite covering dimension. In symbols we denote the fact that X has the
covering dimension n or infinite by dim X = n or dim X = oo respectively.

The extension of the Lebesgue covering dimension to locally compact spaces is
then done in a similar fashion as the concept of homology dimension is extended
from the compact to the locally compact case.

Definition 1.57 (Lebesgue Covering Dimension for Locally Compact Spaces). Let
X be a locally compact space. Then its covering dimension is

dim X :=sup{dim K : K C X compact}.

Now Yang refers to [Ale47] for the next results which gives a relation between
the homology dimension and the covering dimension of a locally compact space.

Proposition 1.58. Let X be a locally compact space of finite covering dimension.
Then hd X = dim X. O

In particular, if X is a locally compact space with hd X = n, then either
dim X =n or dim X = oo.

If X is a locally compact space where a group G acts as a topological transfor-
mation group, then a natural question is in which way the homology dimension of
X and the homology dimension of its orbit space X/G relate to each other. In the
case that G is a finite group there exists a simple relation. Yang states in [Yan60,
p. 204] the following result.
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Proposition 1.59. Let X be a locally compact G-space with finite homology di-
mension. If G is a finite group then hd X/G =hd X. O

But as already outlined in the introduction this result does not hold true in
the general case where G is an arbitrary transformation group. For example Yang
proves in [Yan60] that for an effective action of the p-adic integers Z, on a homology
n-manifold X we have the equality

hd(X/Z,) = hd(X) + 2.

The following chapter is devoted to Yang’s construction of a modified Smith theory
and a few of its technical results which is the essential tool Yang uses in his article
to prove this result.
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CHAPTER 2

Special Homology Groups for p-Adic Actions

We will construct in this chapter the special homology groups for p-adic actions
on a compact space X as Yang does in his paper [Yan60]. The construction will be
done in steps, beginning from special homology groups for simplicial G-complexes
where G is a cyclic p-group. Then we will extend this definition to Cech homology
theory where still the action is given by a cyclic p-group. And then we will see how
to use the fact that the group Z, of p-adic integers is the inverse limit of cyclic p-
groups in order to extend the definition to Cech homology theory where the action
is given by the p-adic integers.

In the original P.A. Smith theory the special homology groups had been con-
structed using a cyclic group C), of p elements (p prime) as a coefficient group. For
our purpose we need to deal with cyclic coefficient groups of order p” for different
values r € N at the same time. Yang solves this problem by using the reals modulo
the integers R := R/Z as the coefficient group for the homology groups. Thus in
order to simplify the notation we will assume that the coefficient groups in the chain
complexes and homology groups used in this chapter are R in case they are omit-
ted in the notation. That is, we will write for example Cj (K, L) but actually mean
Cr(K,L;R) and Hy(X,A) will stand for Hi(X, A;R). Note that this agreement
differes from the agreement in Section 1 and Section 5 of the previous chapter.

In this chapter p will be a fixed prime number. Recall that in order to simplify
the notation we use the symbol [r] to denote the r-th power of p, that is [r] :=p".

1. Definition for Simplicial G-Complexes

In this section we will consider the action of a cyclic p-group G on a simplicial
complex, that is, we consider the cyclic group G = C|, of p" elements for some
fixed 7 > 0. We shall use the multiplicative notation for G. Further we shall fix a
generator gy of the group G.

In the group ring of G, denoted by Z[G], we define two special elements, namely

a::l—&—go—&—gg—l—...—l—g([)r]*l and T:=1—go
Note that o is by construction a G-invariant element and thus it follows immediately
from the definition of 7 that o and 7 are zero-divisors in Z[G], that is o7 = 0.

Let K be a regular simplicial G-complex. We consider the chain complex C'(K)
of ordered simplices of K and coefficients in R. The action of G on K makes the
groups Ci(K) into Z[G] modules and the above defined elements define two chain
maps:

o: C(K) — C(K),cw— oc
7: C(K) — C(K),c— Tc¢

Since o and 7T are zero-divisors in Z[G] it follows that we have the inclusions

12 im7 < kero and v: imo < ker7. Further we shall denote by w and '

the inclusions of ker o and ker 7, respectively, into C'(K). With this notation the
following result is then evident.
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Lemma 2.1. We have the following four short exact sequences of chain complezes:

0 — kero - C(K) % imo —0

O—>ker7'w—,>C(K);> imr  —0
0 — im7 — keroc — kero/im7 — 0
0— imo — kerr —s ker7/imo — 0

Here the unnamed arrows in the last two sequences are the canonical projections. [

We will soon find out that that imo = ker7 and therefore the short exact
sequence (2.5) will reduce to 0 — imo — ker 7 — 0 where the middle arrow given
by 7’ is the identity. But before we turn our attention to this issue we shall introduce
a few more chain maps and results about them.

The simplicial projection m: K — K/G onto the orbit space defines a surjective
chain map m: C(K) — C(K/G). For this chain map we have the following result.

Lemma 2.6. The chain map o: C(K) — imo factors through the chain map
m: C(K) — C(K/G). That is, there exists a unique chain map k: C(K/G) — imo
such that o = k.

PROOF. It is enough to show this result for a chain ¢ € C(K) of the form

c= Z S (where a5 € R)
seS

where S = {s, 905,935, .. ,gg’]*ls} is the orbit of some ordered k-simplex of K.

We shall call such a chain in the following an elementary G-chain. Then
- _ ¢l
m(c) = agm(s) and o(c) = tzras Z s

where as = ) _gas. Now the values 7(c) and o(c) depend only on the orbit S
and ag. Thus the assignment x(7(c)) := o(c) is well defined. The surjectiveness
of the chain map 7 ensures then that we get a chain map x: Cy(K/G) — imo and
by counstruction we get that the diagram

Cr(K)

A \ (.1

Ck(K/G> = imo

comimutes.

It remains to show that « is a chain map. We know already that 7 and o are
chain maps. By the surjectivity of m we have that for every k-chain ¢ € Cr(K/Q)
there exists a k-chain ¢ € Cy(K) such that 7(c) = ¢. Then

9(r(c)) = d(k((c))) = 0(a(c)) = 0(d(c)) = k(m(0(c)) = K(I(7(c))) = £(I(C))
and thus x: C(K/G) — imo is a chain map which has by construction the required
properties. (]

Note that it follows from the surjectiveness of o and 7 that the chain map « is
surjective, too.
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Lemma 2.8. We have the equality im 7 = ker 7.

ProOOF. “im7 C ker 7 For any chain ¢ € C(K) we have 7(c) = 7(goc). Thus
77(c) = w(c — goc) = 7w(c) — mw(goc) = 0 and therefore im: C ker .

“kerm C im7”: On the contrary assume c € kerm. We need only to consider
the case where ¢ is an elementary G-chain. Assume that we can write

c=qpSy+ ...+ apsy (; €R)

and that gos; = s;4+1 (for 0 <4 < k) and gosg = so. Since w(¢) =ap+...+ap =0
it follows that we have necessarily

ap=—(ag+ ...+ ak_1)
Define ¢’ := agsg + ...+ ar_15,_1. Then we have by construction
() = agsg+ ... +ap_15k-1 — (g + ... +ap_1)sk = ¢
Therefore ¢ € im 7 and we have shown that ker 7 C im 7. O

We denote by D(K) the image of ker o in C'(K/G) under the projection 7, that
is D(K) := w(ker o), and we denote by 0: D(K) — C(K/G) the inclusion.

Corollary 2.9. We have the following short exact sequences:

0 —im7 % O(K) - C(K/G) — 0 (2.10)
0 — im7 —» kero -~ D(K) —0 (2.11)
O

Lemma 2.12. The sequence
0 — D(K) -5 C(K/G) - imo — 0 (2.13)
15 exact.
Proor. Consider the commutative diagram
0 » kero —— C(K)

Wl Trl id\ (2.14)

D(K) —%+ C(K/G) ——+ imo ————— 0

0

with all the vertical arrows being epimorphisms. Then the exactness of the lower
row follows from the exactness of the upper row by simple diagram chasing. U

From the above diagram (2.14) we get a commutative diagram

0 —— kerg/im7 —2—+ C(K)/imt ’— imo 0
7| 7| id
0 D(K) —%— C(K/G) s imo - 0
(2.15)

where the homomorphisms @, & and 7 are induced by w, o and 7 respectively.
Then 7 is an isomorphism since im 7 = ker 7. Observe that the upper row of this
diagram represents the sequence of isomorphisms

C(K)/imT

keI'O'/imT = C(K)/kera >~ 1imo.
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Note that the above results, especially diagram (2.15) with its isomorphisms, is
due to the exact sequences of Lemma 2.8 and the fact that the chain map o factors
through m: C(K/G) — imo by Lemma 2.6.

For imo we shall now show a similar equality as we have shown for im 7 in
Lemma 2.8. We begin with the observation which follows directly from the defini-
tion of o.

Lemma 2.16. Let c € C(K) be a G-invariant element. Then o(c) = [r]c O

If ¢ is a G-invariant k-chain of C'(K) then so is ¢ := 1/[r] ¢. Thus we have by
the above result the equality ¢ = o(¢’) which shows that ¢ € imo. On the other
hand, since gg is a generator of G, we have from the definition of the chain map 7
that ¢ € ker 7 if and only if ¢ is G-invariant. Therefore we have that ker7 C imo.
Since we know already that im o C ker 7 this proves the next result.

Lemma 2.17. We have the equality imo = kert. In particular the inclusion

v: imo < ker T is the identity. (]

Next we turn our attention to the chain complex D(K) which we want to
describe more precisely. Therefore we need to have a look at the fixed point sets of
the subgroups of G.

Denote for 0 < ¢ < r by H; the subgroups of G generated by g([f’]. Then those
groups form a descending series

G=Hy>DH{D>..DH,_1DH,=0 (2.18)

of subgroups of G, and this describes the subgroup structure of G exhaustively.
We denote by L; C K the fixed point sets of those subgroups, which form then an
ascending series

LyclLiycCc...cL,1CL. =K

of simplicial complexes. Since G is an abelian group the fixed point sets L; are all
G-invariant and since the action of G on K is assumed to be regular the action
of G on the L; is regular, too. Thus the orbit spaces L;/G have the structure of
simplicial complexes. These simplicial complexes form an ascending series

Ly/GclL,/Gc...CcL._1/GCL,/JG=K/G

of simplicial subcomplexes of K/G, too.

In the following we denote for every non-negative integer ¢ by Z; the cyclic
subgroup of R with ¢ elements.

Let s € K, be an ordered simplex of K with H; being its isotropy group. Then
the orbit S of s under the action of G has precisely |G|/|H;| = [r]/[r — i] = [i]
elements. Thus if ¢ is an elementary G-chain of C(K) of the form ¢ = ) ¢ ass
then

o(c) = [T—i]asZs =0
seS

if and onmly if as € Z,_;. Thus ¢ € kero if and only if 7(c) € C(L;/G; Zj—y).
From this observation together with the fact, that every chain of C'(K) can be
written as a finite sum of elementary G-chains, follows then the next result about
the chain complex D(K).

Lemma 2.19.
r—1
D(K) =Y C(Li/G; Zj_y) O
k=0

Note that the sum of the right hand side of this equation is not the direct sum!
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Next we shall pass to the homology groups of the above chain complexes. The
homology groups of the images and kernels of the chain maps o and 7 are of special
interest and this leads to the following definition.

Definition 2.20 (Special Homology Groups). The k-th special homology groups of
the simplicial G-complex K are the following four homology groups:

Hy (K) := Hi(imo) H{(K) := Hy(ker o)
H,(K) := Hy,(im7) H](K) := Hy(ker7)

Moreover we shall denote in this thesis by I (K) the homology groups of the
chain complex D(K).

Remark 2.21. Note that the definition of H), (K) and H(K) in this thesis differs
from the way it is defined in [Yan60|, where Yang defines H, (K) := Hy(im7) and
H,(K) := Hp(imo)!

Proposition 2.22. There exist the following long exact sequences:

C— HJ(K) 25 Hy(K) 25 Hu(K) — HY (K) 25 ... (2.23)

S HI(E) S HU(K) T HUK) — H(K) S5 ... (2.24)

— H(K)25 Hp(K) = Huy(K/G) — H, ,(K)%5 ... (2.25)

— H(K) 2> HI(K) &5 L(K) — H, (K) ... (2.26)
and

s LK) 2 Hy(K/G) 2 HY(K) — L (K) 2.0 (2.27)

where the non-labeled homomorphisms are the appropriate connecting homomor-
phisms.
Furthermore the inclusion v': im o — ker 7 induces the identity

s Hy(K) > HI(K)

ProOF. The first two long exact sequences are obtained from the short exact
sequences (2.2) and (2.3). The next two sequences are the long exact homology
sequences induced by the short exact sequences of Corollary 2.9. The last long exact
sequence is the long homology sequence of the short exact sequence of Lemma 2.12.
And finally since ¢: imo — kert is by Lemma 2.17 the identity the induced
homomorphism ¢, is the identity, too. U

Lemma 2.28. We have the following commutative diagram

W

H{(K) ——— Hy(K) —"— Hy(K)

Tr*J W*J idl (229)

L(K) —2 s Hy(K/G) —" HI(K)

PRrOOF. This is a consequence of the commutativity of the diagram (2.14). O

From the definition of o we get the analogous result to Lemma 2.16 for the cor-
responding homology groups. We have the following sequence of homomorphisms:

Hy(K) 7 H; (K) = H{(K) = Hy(K)
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The composite of these homomorphisms must agree with the homomorphism
Oyt Hk(K) — Hk(K)

which is induced on the chain level by o: C(K) — C(K). Now if e is a G-invariant
element of Hy(K), then

0u(€) = ¢+ gou(e) + giu(e) + ... + bl " (e) = [rle
and therefore we have the shown
Lemma 2.30. Lete € H(K) be a G-invariant element. Then w,i,0.(e) = [rle. O

Next we consider the following composite of chain maps.
C(K/G) > imo = ker7 5 C(K) = C(K/G)

We want to prove that a result similar to Lemma 2.16 holds for elements of the chain
complex C(K/G) and sequence of maps above. Note that every chain of C(K/G)
is G-invariant and therefore we may omit to explicitly mention this requirement.
Thus the result we want to prove is the following.

Lemma 2.31. Let ¢ € C(K/G). Then mw'/k(¢) = [r]c.
PrOOF. It is enough to verify the claim for a chain of the type ¢ = a5 where §

is a generator of C(K/G), that is 5 is an ordered simplex of K/G. Let s be an
ordered simplex of K such that m(s) = § and S the orbit of s under the action of G.

Then o
ci=— Z s
|S| s’es
is a G-invariant element of C(K) such that by construction w(c¢) = ¢ From
Lemma 2.16 we get the equality o(c) = [r]c. Then
nw'i'k(€) = mwi'km(c) = mw'i'o(c) = [r]7(c) = [r]e. O
Corollary 2.32. Let e € H(K/G). Then mw.i, k.(e) = [r]e. O

Note, that when we define the chain map n: C(K/G) — C(K) to be the com-
posite 1 := w''k then we get the homomorphism which is known in the literature
as the transfer homomorphism. We have then

T H(K/G) — H(K/G), e — [r]e (2.33)
which is the result of Corollary 2.32 and
neme: H(K) — H(K), e — Zg(e) (2.34)
geG

which in the case that the element e is invariant under the action of G reduces to
the result of Lemma 2.30.

2. Special Coverings

In the case of the Cech homology groups the link between the algebraic con-
struction of the homology groups and the topological properties of the space X
are open coverings and their nerves. In order to extend the definition of special
homology groups to the Cech homology groups of a compact space X we need the
existence of a cofinal subset of Cov(X) such that the nerve of each covering in this
subset is a regular G-complex. In order to topologize the homology groups we need
the coverings to be finite. These requirements lead to the Definition 2.35 of special
coverings. In the next section we will then use the results of this section to extend
the definition of special homology groups to the Cech homology groups.

The exposition of the content in this section has been improved compared to
Yang’s article. There the result of Proposition 2.36 is only mentioned in a short note
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without explanation of its importance [Yan60, p. 206], and furthermore essential
details in the proof of Proposition 2.39 — in particular this is the explicite verification
of the properties of a special covering — are left out [Yan60, p. 203].

Throughout this section X will be a compact G-space where G is a finite cyclic
p-group as introduced in the previous section. Recall the descending sequence of
subgroups of G,

G=HyD>DH,D>...ODH,._1DH,.=0

as it has been defined in in the previous section.
The fixed point sets of those subgroups will be denoted in the following by F;,
that is F; := XHi. Thus we get an ascending sequence

X¢=FycFc..CcF_,CF.=X

of closed subsets of X.
Yang introduces in his article [Yan60, p. 202] the following definition for a
special covering.

Definition 2.35 (Special Covering). Let A be a closed G-invariant subspace of X.
Let A be a self-indexed covering of A in X. Then ) is said to be a special covering,
if it satisfies the following four conditions:

(1) The covering A is finite and G-invariant.

(2) For every U € X and g € G follows from gU # U that gU N U = ().

(3) Let U € X and g € G. If there exist a V' € A which is not g-invariant,
then from UNV # 0 and U N gV # 0 it follows that necessarily gU = U.

(4) For any H;-invariant members Uy, ..., Uy of A with UyN...N Uy # 0, the
intersection Uy N...N U, NANE; # 0, too.

The set of all special open coverings of A in X is denoted by Covgy(A; X). The
set of all special open coverings of X in itself is denoted by Covg,(X).

Note that in the case of G = Z, this definition is equivalent to the definition
by Smith given in [Smi38|.
Proposition 2.36. Let A be a special covering of A in X. Then the action of G
on X defines a regular action of G on the nerve K.

Some preperative work is needed before we can begin to prove this proposition.
We state the following two two auxiliary results.

Lemmma 2.37. A simplicial G-complex K satisfies property Py if and only if v, gv €
s implies that gv = v for all s € K and g € G.

PrOOF. “=": Assume that K satisfies property P;. Let v be a vertex of K
and g € G. Assume that s = {v, gv} is a simplex of K. Then also g~ 's = {g~ v, v}
is a simplex of K and therefore v € s N g~'s Then by the property P; it follows

that v = gv.
“<"  Letwv € sNg~'s. Then v and gv belong both to s and thus by assumption
gv = v. Thus K satisfies property P;. O

Lemmma 2.38. Assume that K is a G-complex satisfying in addition to property Py
also the following property: for any vertex u of K and any g € G, if there exists a
vertex v such that {u,v}, {u,gv} € K but {v,gv} & K, then gu = u. Then K is a
reqular G-complez.

PrOOF. Observe that if the conditions are satisfied for G then they are also
satisfied for every subgroup H C G. Thus it is enough to show that the above
condition implies that the G-complex satisfies property Ps, because then K satisfies
also property P» as a H-complex for every subgroup H C G.
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Now the claim follows from repeated use of the following result: let s =
{ug,...,ur}t and t = {vg,..., v} be two k-simplices of K and assume that there
exist g; € G such that u; = g;v; (0 < i < k). If for some r < k there exists a g € G
such that u; = gv; for all 0 < ¢ < r, then g can be chosen such that u; = gv; for all
0<i<r+1.

To verify this result we may assume that w,1 is not gg,. jl—invariant, as other-
wise Upy1 = gg;_&lurﬂ = gvu,41 and there is nothing to prove.

Let 0 < ¢ < r and observe that since s € K also its face {u;,u,+1} is a 1-
simplex in K. Further, since gt € K it follows that also its face {gvi,gv,41} =
{ui, g9,- jlu,,H} is a 1-simplex in K. Finally since K is assumed to satisfy property
P, and since u,41 is not gg;jl—invariant it follows that {u7.+1,gg,f_&1u,,,+1} is not a
simplex of K (Lemma 2.37). Thus from the assumed additional property, applied
to {uj,ur11}t € K, {ui,gg;ﬁlur+1} € K but {ur_,_l,ggr_ﬁlwq_l} ¢ K it follows
that u; is gg,. il—invariant and therefore also g,,19~!-invariant. This holds for any
0 < i < r. Thus we have that u; = gv; = gr419 'gv; = gry1v; for 0 < i < r and
the claim follows since we have by construction ;{1 = gr4+10r41- O

PrOOF OF PROPOSITION 2.36. It follows from the second condition for special
coverings that whenever U and gU are two vertices of K belonging to the same
simplex, then necessarily U = gU. Thus it follows from Lemma 2.37 that K
satisfies property P;.

The third condition for special coverings provides exactly the missing require-
ments for Lemma 2.38 and applying this lemma concludes the proof. U

Thus we have shown that the nerve of every special covering is a regular G-
complex. Next we will show that every covering of a compact space can be refined
by a special covering, that is

Proposition 2.39. Let A be a closed G-invariant subset of X and « a covering
of X. Then there exists an open special covering of A in X refining a.

Before we prove this proposition we need to do some preparatory work.

Lemma 2.40. Let X be a normal space and A a closed subset of X. Lel « be
an open covering of A in X and assume that A\ = {Wy,...,W,,} is a finite closed
covering of A in itself refining a. Then there exists a finite closed covering u =
{Eo,...,En} of A in X refining o such that

(1) W; C Int E; for every 0 <i <m, and
(2) Wi, n...nW;, #0if and only if E;; N...NE;, # 0.

Further, if A and \ are both G-invariant then p can be chosen to be G-invariant,
too.

ProOOF. The idea of the proof is to convert the covering A step by step into the
closed covering of A in X which has the desired properties. We begin by setting
wi=A{Wo,..., Wy}

Since X is a normal space there exists a closed subset F which is contained in
some element of « such that Wy C Int E.

Let {W;,,...,W;,} be a subset of u and set B := W;; N...NW;,. Assume
that B # 0, WoN B = 0 but EN B # 0. Since Wy and B are disjoint closed
subsets of the normal space X there exists a closed set E’ such that Wy C Int E’
and E' N B = (. We replace E by E N E’ and observe that for this new E we still
have Wy C Int E but now also E N B = (). We repeat this for all finite subsets
{Wi,,...,W;. } C pand since p is finite this construction yields after finitely many
steps a set F such that Wy C Int F and such that from WoNW,, N...NW,; =10
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it follows that ENW;, N...NW;, =0, too. Finally we replace in p the set Wy by
this set E.

Repeating this replacement for the remaining W;’s (1 < ¢ < k) in u we reach
after finitely many steps the desired covering of A in X.

If A and A are both G-invariant then it follows from a standard argument that
1 can be chosen to be G-invariant. U

Lemma 2.41. Let X be a normal space and A a closed subset of X. Let a be an
open covering of A in X and assume that \ = {Wy, ..., Wy} is a finite closed cover-
ing of A in X refining «. Then there exists a finite open covering = {Up,...,Un}
of A in X refining o such that

(1) W; C U; for every 0 <1i <m, and

(2) Wiy n...nW,;, #0 if and only if Ujy N ...NU;, # 0.

Further, if A and )\ are both G-invariant then v can be chosen to be G-invariant,

too.

ProOOF. In the analogous way as in the proof of the previous Lemma 2.40 one
constructs closed E;’s such that for every W; € A we have W; C Int F;. Then
w:=A{Uo,..., Uy} with U; ;= Int E; is the desired covering.

If A and A are both G-invariant then it follows again by a standard argument
that p can be chosen to be G-invariant. O

With the help of Lemma 2.40 and Lemma 2.41 we conclude

Lemma 2.42. Let « be an open covering of A in X and assume that there exists
a closed special covering A of A in itself which refines «v. Then there exists an open
special covering 1 of A in X which refines o and which is refined by A. (]

Thus the claim of Proposition 2.39 boils down to the question whether we can
find for an arbitrary open covering « of A in X a closed special covering A of A
in itself which is refining a. Since any open cover o of A in X defines an open
covering o := {UNA:U € a} of A in itself it is enough to prove the following
result in order to prove Proposition 2.39.

Proposition 2.43. Let X be a compact G-space. Then for any open covering a of
X in itself there exists a closed special covering \ of X in itself refining c.

We need to add one more technical result which will be used in the proof of
Proposition 2.43.

Lemma 2.44. Let « be an open covering of X and assume that X\ is a closed
covering of F;_1 in X refining «. Then for any x € F; \ F;_1 there exists an H;-
inwvariant neighborhood U, of x contained in some element of a such that the sets
{gU, : g € G} are pairwise disjoint and such that U, intersects with an element
Velifand only ifc € V.

ProoOF. Since A is a finite closed covering the set

V= J{verz¢V}
is closed in X. Then by construction for any neighborhood U of x which is contained
in the complement of Y holds: U has a non-empty intersection with an element
Velifandonlyif z € V.

We denote by m: X — X/H,; the canonical projection onto the orbit space.
Since ¢ Y and x is a fixed point of the action of H; we get that w(z) ¢ w(Y).
Thus Uy := 7~ 1(X/H;\m(Y)) is by construction an H;-invariant open neighborhood
of = which has an empty intersection with Y.

Set T := w(z). Let U, € « be an element such that « € U,,. Since 7 is a closed
map it follows that (X \ U,) is closed in X/H;. Furthermore ¢ 7(X \ U,) and
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thus we may choose an open neighborhood Uy of Z contained in X/H; \ w(X \ Uy).
Then U; := ﬂfl(ffl) is an open H;-invariant neighborhood of « in X and contained
in U,, an element, of «.

Since X/H; is a normal G/H;-space it follows that we may choose for every
g € G/H; a closed neighborhood W; of gz such that the W3 are pairwise disjoint.
Then

W= () g 'W,
geG/H;

is a closed neighborhood of Z such that the sets gW for g € G/H; are all pairwise
disjoint. Then by construction

Uy =7 YIntW)N Uy N U,

is a H;-invariant open neighborhood of z satisfying all the requirements of the
lemma. O

PROOF OF PROPOSITION 2.43. We shall construct inductively a sequence of
closed special coverings A; (—1 < i <) of F; in X ordered by inclusion

A1 CACANC...C A1 C A

where each A; refines the covering a. Then A, is a closed special covering of X
refining a.

For i = —1 the only choice we have is to set A_; := (). Thus we may assume
that ¢ > 0 and that \;_; is a closed special covering of F;_; in X refining a. We
denote by X; the space

X;=F\ ( U IntU).
UveXi—1
Then X; C F; is a closed subset of X, possibly empty. If X; is empty we set
A; = X;—1 and ); is a special covering of F; in X refining o and we are done with
the construction step.

Thus we may assume that X, is not empty. For every z € X; we choose an
H-invariant neighborhood U, satisfying the requirements described in Lemma 2.44
with A replaced by \;—1. Then 8 := {U, : x € X;} is an open covering of X; in X
refining a. It follows from Lemma 1.31 that there exists an open covering v of X;
in X which star-refines [3.

Fix a representative system M C X; for the orbit space X;/G. For every x € M
choose an H;-invariant closed neighborhood D, of x such that for every g € G the
set gD, is contained in some element of v. If z € X, \ M, then choose a g € G such
that ¢~ 'a € M and define D,, := 9(Dgy-1,). Since the D, are H;-invariant it follows
that this definition does not depend on the choice of g and thus {D, : z € X;}
forms a G-invariant closed covering of X; in X which refines v. By the compactness
of X; we may choose a finite G-invariant S C X; such that {D, : z € S} is a closed
covering of X; in X. Using similar reasoning as in the proof of Lemma 2.40 we
convince ourselves that we can choose the D,’s in such a way that

D,,N...ND,, #0 ifand only if D, N...ND, NE; #0 (*)

for every finite subset {zo,...,xx} C S.
Then for every z € S we define the closed set

E,:=D,U{yeS:D,ND, # 0}
and with this notation we define further
Ai =1 U{E,:x €S}
which is then by construction a closed covering of F; in X.
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By assumption any element U € \;_; is contained in some element of a. If
U € X\ Ai—1, then U = E, for some = € S. Now every ' € F, is contained in

some D,

such that D, N D, # (). Since 7 is star-refining § and since {D, : y € S}

refines + it follows that E, is contained in some element of 8 and thus also in some
element of a. Therefore the covering A; is refining the covering «.

We claim that ); is a special covering of F; in X. We need to verify all the four
requirements for special coverings:

(1)

(4)

By construction J; is finite. Furthermore it follows easily that gF, = Eg,
for every g € G and thus from the G-invariance of S it follows that {E, :
x € S} is G-invariant, too. Therefore \; as a union of two G-invariant
sets is itself again G-invariant. Hence we have shown that \; satisfies the
first condition for special coverings.

Let g € G and assume that U € )\; is not G-invariant. If U € \;_; then
nothing needs to be proven. Thus we may assume that U = E, for some
x € S and we have to show that E; N Eg, = 0. Now D, is contained in
some V € 3. Then D, = gD, C gV and since V N gV = () we have that
D, N Dy, = 0. Therefore

E,NEy Cc{yeS:D,ND, #0}Nn{y € S:D,ND,, #0} (k)

Assume towards a contradiction that the right hand side of this inclusion
relation is not empty. Then there must exist a y € S such that D,ND, # ()
and Dy N Dy, # 0. Since D,, Dy, and D, are all contained in some
elements of v which star-refines 3 it follows that D, Dy, and D, are all
contained in one single element V' € 3. Then from D, C V it follows that
Dy, = gD, C gV and from the choice of the elements of 3 it follows that
V NgV = 0. But this contradicts with Dy, C V. Hence the right hand
side of the inclusion (*x) has to be empty and it follows E, N Eg, = 0.
Therefore \; satisfies the second requirement for special coverings.

The proof that \; satisfies the third condition for special coverings needs

to be broken down into three cases:

(a) First we assume towards a contradiction that both U and V are
elements of A\; \ \;_1. Since U NV # ) it follows that U and V
are contained in some U, € . Since V is not g-invariant it follows
that ¢ € G\ H; and therefore necessarily U, N gU, = @. Thus
UngV Cc U, NgU, =0 which is a contradiction to the assumption
that UNgV # (0. Hence U and V cannot be both elements of A\;\X\;_1.

(b) The next possibility is that U € A\ \;—1 but V € A;_1. Then U C U,
for some U, € 8. Further U, NV #Qand U, NgV # (. Thusxz € V
and x € gV by the choice of U, and this is a contradiction to the
assumption V' N gV = (. Therefore the second case is not possible,
either.

(¢) The remaining possibility is the case V€ \;\A\j—1 but U € \;_1. In a
similar fashion as in the previous case we conclude that U N gU # 0.
But this time this does not yield a contradiction but it gives the
desired result that U = gU.

The fourth condition for special coverings is a straight forward conse-
quence of the requirement (%) which we have put on the choice of the
sets D,. O
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3. Extension to Cech Homology Groups

We are now ready to extend the concept of special homology groups of Section 1
to the Cech homology groups of a compact G-space X where G is a finite cyclic
p-group.

Let A be a special open covering of X. By Proposition 2.36 the action of G
on the nerve K is regular and we can apply the results of Section 1 to its chain
complex of ordered simplices and its homology groups. The chain complexes and
maps of Section 1 depend of course on the choice of the covering A\. We shall
indicate this dependency by using lower indices, that is, we will use the notation
Ox, Ta, W, 1), etc. to label those chain maps.

Next let p be another special covering of X refining A and let py,: ¢ — A be an
G-equivariant refinement projection. Then py, induces chain maps py,: C(K,) —
C(K») and pyu: C(K,/G) — C(K\/G). By simple diagram chasing one shows

Lemma 2.45. The G-equivariant refinement projection pxu: i — X induces the
following chain maps:

Dap: imoy, — imoy Dap: kero, — keroy
Dap: iImT, — imTy Dap: ker T, — ker 7y
Pau: C(Ku/G) — C(K)/G) Pap: D(Ky) — D(K)) O

Similarly we convince ourselves by diagram chasing that all the homomorphisms
of the previous section commute with the G-equivariant refinement projection p.
That is we get the

Lemma 2.46. For any special coverings A and p of X with p refining \ and
Dau: 4 — X\ being a G-equivariant refinement projection we have the following
equalities: PaxpOp = OAPxp;, PaxpTp = TAPAL, PapWu = WAPAu, Piplp = WAPip;
]3)\“9“ = Qkﬁ)\/“ etc. O

If grp: 0 — X is another G-equivariant refinement projection, then the corre-
sponding homomorphism from Lemma 2.45 are of course different. But yet they
induce unique homomorphisms when passing to homology. This will be expressed
in the following two results.

Lemma 2.47. When passing to homology the maps pxu«: H(K,) — H(K)) and
Daps: H(K,/G) — H(K\/G) are independent of the choice of px,.

ProOF. Let pay,qrpu: 1 — A two G-equivariant refinement projections. Then
p and ¢ are contiguous maps and thus the induced chain maps px,, gx.: C(K,) —
C(K,) are chain homotopic maps. Therefore py,« = qau: H(K,) — H(K)) are
the same map.

It is evident that also the induced chain maps pau, @rp: K,./G — K5/G are
contiguous maps (since p and ¢ are) and thus it follows by the same reasoning as
before that pru« = Qs H(K,/G) — H(K\/G). O

Lemma 2.48. When passing to homology the maps px«: EU(KM) — HU(K,\),
Paps: HO(K,) — HO(K)), pags: H (K,) — H (K)), etc. induced by the chain
maps of Lemma 2.45 do mot depend on the choice of the refinement projection
Dap: b — A.

Proor. Recall that that a chain homotopy D: py, ~ gx, is given by

n

D(UO> ey Un) = Z(_l)i(q)\u(UO)v s >Q)\M(Ui)ap)\p,(Ui)7 .o -,p)\u(Un))
=0

where (Uy, ..., U,) is an ordered simplex of K, (see the proof of Lemma 1.6) Since
both py, and gy are G-equivariant refinement projections it follows that the chain
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homotopy D is G-equivariant, too. Using this G-equivariance of D we conclude that
D(imo,) C imoy, D(kero,) C keroy, D(im7,) C im7y and D(ker7,) C kerTy.
Thus the restriction D|iy, o, of D to imo,is a chain homotopy

D‘im oy CPau |im oy = g ‘im )

and for similar reason we have that px,|ker s, and Dl ker s, are chain homotopic
as well as paulimr, and gaulimr, are chain homotopic and pxulkerr, and gaulkerr,
are chain homotopic. Thus passing to homology yields in every case a unique map
independent of the choice of the refinement projection.

It remains to show that the restriction of py, and ¢, to D(K,) are chain
homotopic. From the definition D(K,) = w(kero,) it follows that D(D(K,)) =
D(m(keroy,)) = wD(kero,) C w(keroy) = D(Ky). Thus the restriction D|p k) of
the chain homotopy D to D(K,,) defines a chain homotopy pau|p(x,) ~ Galp(x,.)-

O

Because of the previous results and the nature of the refinement projections —
that is prupun = Pan and pyn = id for every A < p < 7 in Covg,(X) — we can
construct the inverse systems

{HR(K\); paps s {H(K\/G), Paps {HZ(K\), paps}s
{H 7 (Kx), pas b etc.
directed by Covsp(X) using the homology groups introduced in Section 1.
Proposition 2.49. We have the two isomorphisms
Hy(X) = 1lim Hi(K))  and  Hy(X/G) = lim Hy(K»/G)
where the limits are taken over the inverse systems as described above.

PrOOF. The first isomorphism is a straight forward consequence of Proposi-
tion 2.39. To verify the second isomorphism we need to do some more work. The
following proof is based on [Bre72, p. 135] and complets the exposition in Yang’s
article [Yan60, p. 209].

We want to construct an isomorphism

Hy(X/G) = lim Hy(K»/G).

Note that the left hand side of this equation is the limit of an inverse system
directed by Cov(X/G) whereas the limit on the right hand side is directed by the
set Covgp(X).

First we want to define an order preserving map

¢: Covgp(X) — Cov(X/G).

Let A € Covgp(X). Then A is a self-indexed covering of X. Define an indexed
covering Ay
A V= P(X/G)
of the orbit space X/G as follows. To simplify notation set U* := {gU : g € G} for
every U € X\. We use as a index set for the covering A\; the set V := {U* : U € \}.
Now define
MU") :=n(U),

for every U* € V. Here in this definition 7 denotes the canonical projection onto
the orbit space m: X — X/G. Note that this gives a well defined map since if
U’ € U* is another representative, then 7(U’) = n(U). Furthermore \; is an open
covering of X/G since m is an open map and A is an open covering of X. Define
©(A) := Aq for every A € Covgp(X). Then ¢ is a map ¢: Covgy(X) — Cov(X/G).
It is order preserving because whenever p is a special covering of X refining A then
apparently o(u) = pq refines p(A) = Aq.
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By the definition of the simplicial orbit space K/G (see Definition 1.16) the
set of vertices of K /G are precisely the set of vertices of K, namely the set V.
We claim that the identity on V extends to a simplicial isomorphism Ky, — K)/G.
That is, we have to show that {Ug,...,U}} is a k-simplex of K, if and only if
{Us,...,Ut} is a k-simplex of K, /G.

Thus assume first that {Ug,..., U} is a k-simplex of K,. By definition this
means that A\ (U§)N...N A (Uf) = wm(Up)N...N7w(Uy) # 0. This can only happen
if there exist elements g; € G such that goUyN...NgrUg # 0 and therefore {goUy N
...NgrUk} is a simplex of K. But then {Uj,..., U} = {(90U0)", ..., (9xUr)*} is
a k-simplex of K/G. On the other hand let {Ug,...,U}} be a k-simplex of K/G.
Then it is evident that {Ug,...,U}} is also a k-simplex of K}, .

Thus we have verified that the identity id: V' — V induces a simplicial isomor-
phism K, — K)/G. Actually we have even shown more, namely K, = K)/G.
As a consequence of this we have that Hi(K),) = Hi(K,/G) for every integer k.

It follows easily that if 1 is another special covering of X refining A, then for
a given equivariant refinement projection p: p — A we get a refinement projection
p1: g1 — A1 when we define p1 (U*) := (p(U))*. Then the commutativity of the
diagram

id
K, — K,/G

K\, —4 K,/G

is evident and thus we have that for any refinement projection ¢: pu; — A1 we get
— when passing to homology — the commutative diagram

Hy(K,,) —3 Hy(K,/G)

Hy(Ky,) —* Hy(Kx/G)
Thus the order preserving map ¢: Covg,(X) — Cov(X/G) as defined above

together with the identities

id: Hi(Kp(n)) = Hi(K)/G)
for every A € Covg,(X) defines a map

F: {Hy(Kx), p«} — {Hr(K\/G), p«}
of inverse systems, directed by Cov(X/G) and Cov,(X) respectively. Its limit
[ Hy(X/G) — lim Hy(K)/G).

is apparently an isomorphism of groups. O

Note that we use the symbol “7” to denote two kind of maps. The first one is
the simplicial projection
m Ky — K)\/G
onto the simplicial orbit space, when passing to homology it defines a map of inverse
systems

{Hk(K)\)ap*} - {Hk(K)\/G)ap*}
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directed by Covp(X) and its limit is a homomorphism .: Hy(X) — lim Hy, (K /G).
The second map is the continuous projection

m X - X/G

and it induces a homomorphism m,: Hy(X) — H(X/G) in Cech homology. We
shall see next that this abuse of notation will not cause problems since if we identify
the Cech group Hy(X/G) with the limit group lim Hy,(K»/G) by the isomorphism
f of the previous proof, then both homomorphisms agree.

Denote by 2 the order preserving map

@o: Cov(X/G) — Cov(X), A 7 H(N)
where 7 1()\) is the open covering
7 () Vv — 2(X),v = 1 1N (v))

as it is known from the definition of the induced homomorphism in Cech homology.
Now if A is a special covering of X, then it follows that Ay := pa(p1(N)) is an
open covering of X indexed by V), :={U* : U € A}. Tt is given by

X(U) =7 (=(U)) = | gU

geG
Now A is clearly refined by A and one possible refinement projection is
p:A— Vy\,, U U™

If {Uy, ..., U} is a k-simplex in K, then using the fact that X satisfies property
P, it follows that {Ug,..., Uy} is a k-simplex of Ky,. Thus p maps the k-simplex
{Uo, ..., Uk} to the k-simplex {Ug,...,U}}. Then the inclusion into the complex
K, followed by the identity Ky, = K)/G leaves the k-simplex {Ug,...,U;} un-
changed.

On the other hand the canonical simplicial projection 7m: K, — K,/G onto
the simplicial orbit space maps the k-simplex {Uy,...,Ux} also to the k-simplex
{Ug,.... Ut} of Ky\/G.

From this observation follows the next result which is not explicitly stated in
Yang’s article, namely

Proposition 2.50. If we identify H(X/G) with lim Hy(Kx/G) via the isomor-
phism [ of the proof of Proposition 2.49, then the canonical projection m: X — X/G
onto the orbit space and the canonical simplicial projection 7: Ky — K, /G onto the
simplicial orbit space define the same homomorphism m,: Hy(X) — Hy(X/G). O

Next we extend the definition of special homology groups of simplicial com-
plexes to the compact G-spaces X.

Definition 2.51 (Special Homology Groups). The k-th special homology groups of
the compact G-space X are the following four inverse limits:

H(X) = lim H} (K)) HY(X) := lim H{ (K))
Hi(X) = lim Hy(K)) HJ(X) = lim H{ (K))

where the limit is taken over the limiting systems as described before.
Moreover we define I;(X) to be the limit of the inverse system {Ij(K}), D« }.

39



Proposition 2.52. Let A\ and p be two special coverings of X where u refines .
Let px,: 1 — X be a G-equivariant refinement projection. Further denote by

Oy
Hy: ...— (lT{7/7);C — (Hn)k — (HT/II);C — (H;I)k_l — ...

any of the long exact homology sequences of Proposition 2.22 for n = A\, u. Then
Dap induces an homomorphism of long exact sequences py,.: H, — Hy.

PrOOF. We have to show that every square commutes in the diagram

O

- (H))k - (Hu)p — (H) —— (H)jpog —— -
I I 111
O
. (H;\)k > (H)\)k ——— (H/A/)k E— (H;\)kfl

where the vertical arrows are induced by the refinement projection py,. Now the
commutativity of the squares I and IT is a direct consequence of Lemma 2.46 and the
commutativity of the remaining square III follows from the fact that the connecting

homomorphism 0, is a natural transformation (see for example [Spa66, p. 182]).
O

In other words each of the long exact homology sequences of Proposition 2.22
together with the homomorphisms induced by the refinement projections gives rise
to an inverse system of long exact sequences.

Now homology groups Hk(K)\>7 HIg(K/\)a HZ(K/\)a HI:(KA)a EZ(KA)a Ik(KA)
and Hy(K,/G) are all compact groups when A is a special covering (since special
coverings are finite and the coefficient groups are compact). Therefore we can pass
to the limit (which is under these conditions again a long exact sequence of compact
groups, see [ES52, p. 226, Theorem 5.6]) which yields then the following result.

Proposition 2.53. The following sequences are ezxact:

— HI(X) 25 Hy(X) 25 Hy(X) — HY (X) 25 . (2.54)

S HIX) SN H(X) T HL(X) — HE(X) 5 (2.55)

— Ho(X) %S Hy(X) =5 Hy(X/G) — H,_ (X)) <5 .. (2.56)

— Hy(X) 2 HI(X) I L(X) — H,_(X) 2., (2.57)
and

s (X)) B HU(X/G) B Ho(X) — L(X) 250 (2.58)

where the non-labeled homomorphisms are the appropriate connecting homomor-
phisms. O

We obtain the following collection of technical results which are in turn the a
consequence of the commutativity of diagram (2.7), Proposition 2.22, Corollary 2.32
and Lemma 2.30 from Section 1.
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Lemma 2.59. The diagram

H(X)
lm \ (2.60)
H(X/G) ——— H(X)

commutes.
Lemma 2.61. The homomorphism o,: Hy(X) — HJ(X) is the identity.
Lemma 2.62. Let e € H,(X/G). Then m,w.i.rk.(e) = [r]e.

Lemma 2.63. For any G-invariant e € Hy,(X) we have w.2,0.(e) = [r]e.

O 0 00O

4. Special Homology Groups for Z,

It is in this section that we will extend the definition of special homology groups
to the group of p-adic integers Z, acting on a compact space X. The idea is the
utilization of the fact that Z, is the inverse limit of cyclic p-groups together with
the continuity of the Cech homology.

Recall the notation introduced in Section 7 of the previous chapter regarding
the group of p-adic integers Z, and its subgroups. Since the collection of open
subgroups {Z;} forms a neighborhood system of the neutral element it follows
easily that the limit of the inverse system {X/Z;, m!} (where 7): X/Z; — X/Z,;
denote the canonical projections) is homeomorphic to X and that the inverse limit
of the canonical projections m;: X — X/Z, defines a homeomorphism

X = lim X/Z;
—

Now the projection maps 7Ti induce continuous homomorphisms 775* when passing
to Cech homology and we get that {Hy(X/Z;), 7).} forms an inverse system of
compact groups (recall that we assume the compact group R as the coefficient
groups). It follows then from the continuity of the Cech homology theory (see
Theorem 1.41) that the projections m;: X — X/Z; define an isomorphism

Hy(X) = lim Hy(X/Z). (2.64)

The action of the p-adic integers Z, on X induces in the usual way an action of
Zr;) on the orbit space X/Z;. Since the Zp, are finite cyclic p-groups we can apply
the results of the previous section to this collection of spaces. In order to do this
we fix an element § € Z, \ Z;. We denote g; := h;(§) for each i € N.

One verifies that g; is a generator of the cyclic p-group Z; which acts on X/Z;.
We can apply the results of the previous section. We will emphasize the dependency
on Zp; of the maps defined this way by adding “i” to the index of those maps. That
is we have

Oie = id+gix + g2 + ... + gz[i]fl and Tix = 1d — @i
and further wi., wi,, tix, 1y, Tix, Oix and so on.

Now the isomorphism in (2.64) is the key to the extension of the concept of
special homology groups to the action of the p-adic integers. Like in the section
before we will define special homology groups as limits of appropriate inverse sys-
tems, which will now be directed by the natural numbers and with the projections
induced by the canonical projections 7): X/Z; — X/Z; of the orbit spaces.

But before we begin with the construction of the special homology groups
for the p-adic case we shall add the following observation about the use of the
symbol “7”, which is not made in Yang’s article. The action of Z, on X induces
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an action of Zy) on X/Z;. The orbit space (X/Z;)/Z; of the latter action is in
a natural way homeomorphic to X/Z, = X/Z,. Using this homeomorphism we
identify those spaces and the two canonical projection maps

mi: X/ 2y — (X/Zy) /2
and
T X)Zi — X/ Z,

become after this identification essentially the same map. We shall in the following
use the symbol X/Z, to denote the space (X/Z;)/Z;), too. When passing to Cech
homology we get a homomorphism

Tiw = Tow: H(X/Z;) — H(X/Z,).

On the other hand Proposition 2.50 states that the homomorphism 7, is essentially
— under suitable identification of H(X/Z,) with lim Hy, (K /Zy;) — identical with
the homomorphism 7,: H(X/Z;) — H(X/Z,) defined by homomorphisms induced
by the simplicial projections 7;: K\ — K /Zj;) when passing to the limit. Thus we
can use those different points of view when dealing with this homomorphism.

After this note we shall now begin with the construction process of the special
homology groups for the p-adic case.

Lemma 2.65. Let \; be a special covering of X/Z; and \j := (m?)~1(\;) fori < j.
Then we have the commutative diagrams

O(Ky,) — 2~ C(K),) O(Ky,) —~ C(K),)

71': \ {7\'{ and 71': \ {7\'{
[j—i] os -

O(Ky,) —— 5 C(Ky,) C(Ky,) —— C(K),)

PROOF. By construction we have the commutative diagram

C(Ky,) —2—~ C(Ky,)

”i\ \ﬂ-i

C(Ky,) —— C(K),)

i i

Then we have

R S ) R -1 |
wloj = wloy =Y ginl =i i) Y ginl =i — iloin]
k=0 k=0 k=0
(since gzm =1id) and
mlry=mf(l—g;) = (1 — gi)m] = 7om] O



Passing to homology and taking the limit over all special coverings of X/Z; we
get instantly

Corollary 2.66. We have the following commutative diagrams

H(X/Z;) —~ H(X/Zj) H(X/Z;) —~ H(X/Z;)
H(x/Z:) = A (x)20) H(X/Z) —~ H(X/Z,)

O

From the commutativity of the diagrams in Lemma 2.65 it follows that if ¢ €
im 7; then 7/ (c) € im7;, and if ¢ € ker 7; then 7 (¢) € ker ;. Since im o = ker 7 by
Lemma 2.17 it follows from the previous statement that if ¢ € imo; then wf (c) €
1mao;.

But on the other hand it is straightforward to construct a chain ¢ € ker o; such
that am{ (¢) # 0. To see this let S be an orbit of an arbitrary ordered simplex of
Ky, and let 0 # a := 1/[j] € R. Define c:=a ) g s. Then

4]
oj(c) = E ag Z s
seS
with ag = |S]| -« = [5]/[j] and thus o;(c) = 0, that is ¢ € kero;. But since the
action of Z[i] on K, is by construction the same as the action of Z[j] on Ky, we
have that

ol (¢) = 1l as Z s
' |S| seS
with the same value of ag, that is a = |S|/[j]. Thus o;(c) = 1/[j — 4] >_ s which is
a nontrivial element in C(K),). Therefore 7/ (¢) ¢ ker o; even though ¢ € ker o; as
claimed.! _
Thus the projection 77: X/Z; — X/Z; induces the homomorphisms

ml HT(Ky,) — H™(Ky,), ml H (Ky,) — H (Ky,),
ml H(Ky,) — H (Ky,),

but 7/ does not induce a homomorphism
. HO(Ky,) — HO(K),).
Now we can form the inverse systems
{H(X/Z:),m}, {H (X/Zi),m} and {H"(X/Z),7.}

directed by the natural numbers N. But since 775 does not induce a homomorphism
H?(Ky;) — H?(K),) the collection {H?(X/Z;), 7.} does not form an inverse
system. Thus we can only define three (and not four) special homology groups.
This leads to the following definition.

INote that Yang claims in his paper by mistake — see [Yan60, p. 212] — that 7rg induces a

homomorphism 7’ : H°(X/Z;) — H°(X/Z;). Yet he essentially does not use this wrong result.
Tk J
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Definition 2.67 (Special Homology Groups for the p-Adic Integers). Let X be a
compact Z,-space. Then the k-th special homology groups of X are defined to be
the following inverse limits

Hy(X) := lim H} (X/Z;)
HJ(X) := lim H (X/Z;)
H(X) = lim H(X/Z,)
where the limits are taken over the limiting systems described before.

Note that we can not extend the definition of the group Iy since we can show
in a similar way as above that the projection 7] does not induce a homomorphism
Dy(Ky,;) — Dip(Ky,).

Due to Lemma 2.61 we have that Hy (X/Z;) = H}(X/Z;) for all i € N and
thus we have the next result.

Lemma 2.68. The homomorphism v': H (X) — H™(X) is the identity. O

So essentially we deal only with two distinct special homology groups in the
p-adic case, namely Hj(X) and H,(X).

Next we shall study which homomorphisms of the last section can be extended
to the new environment.

Lemma 2.69. When passing to the limit the collection of homomorphisms {7;.},
{wi}, {wistin} and {m;.} define the homomorphisms®

7 H(X) — H (X), wi: H(X) — H(X),
(w1)y: H (X) — H(X), T H(X) — H(X/2,).

PrOOF. Since 773 (im7;) is contained in im 7; it follows from the second diagram
of Lemma 2.65 that there exists the commutative diagram

C(K)\j) —— im7; H(X/Z]) SRS HT(X/ZJ)

w ) and thus w, \ {wf

O(Ky,) — im; H(X/Z;) —"~ H (X/Z)

from which we then conclude the existence of the first homomorphism, namely 7..
The next two homomorphisms follow in a similar way from the equalities w]m] =
Wg s
] (ker 7;) C ker 7.
Finally the last homomorphism follows from the commutativity of the diagram

J

i

J

w;m = mw; and 1w} = ml1; and from the inclusions 7/ (im7;) C im7; and

C(Ky,) — C(Kx,/Zp)

J J
iy { lﬂ'i

2Note that Yang claimed by mistake in his article that m-rrg # ﬂ'gﬂ'j. Therefore he could not
extend the definition of 7. to a homomorphism m.: H(X) — H(X/2p).
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because then — passing to homology and then to the limit over all special coverings
A; of X/Z; — we get the commutative diagram

H(X/Z;) —"~ H(X/Z,)

J J
ﬂ‘i*\ {ﬂ'i*

H(X/Z;) —"~ H(X/Z,)

Observe that here 7/: C(Ky,;/2,) — C(Kx,/Zp) is by construction the identity
and therefore 7, H(X/Z,) — H(X/Z2,) is the identity, too. O

Note that for the remaining homomorphisms the above extension to the p-adic
case cannot be made. By Corollary 2.66 we have that n/, 0j. = [j — i]os.m], and
thus the 7/, and 0}, do not commute. For a similar reason 7/, does not commute
with #;.. Thus we cannot define the homomorphisms o, or s, for the p-adic case.
Moreover we have already noted that the groups H°(X) and I(X) cannot be defined

in the p-adic case and therefore we cannot define any of the homomorphisms

=T

wy: HO(X) — H(X), 1 H (X)) — H7(X),
0. I(X) — H(X)
in the p-adic case.
Note also that we have the commutative diagram

H'(X/2;) —~ H(X/Z;) —"~ H(X/Z;)

J J
Tix T

w

H(X/Z;) — H°(X/Z;) —“~ H(X/Z;)

but 7/: X/Z; — X/Z; does not induce a filler 7,: H(X/Z;) — H(X/Z;) as already
noted before.

Proposition 2.70. We have the long exact homology sequences

’
w

— HE(X) 25 Hy(X) =5 Hy(X) — Hj (X)) =5 .. (2.71)
s Ho(X) Y 1,(X) T (X 2,) — Hy (X)L (2.72)

where the unnamed arrows are the obvious connecting homomorphisms.®

ProOF. The exactness of the sequences is verified using the the long exact
homology sequences of Proposition 2.53. The proof is carried out in a similar way
as the proof of Proposition 2.53 where we used the long exact homology sequences
of Proposition 2.22 to verify our claim. O

3This is Lemma 5.2 and Corollary 5.4 in Yang’s paper, though Yang has a slightly weaker
result for the second sequence.
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5. Applying Homology Dimension

So far we did not consider the homology dimension of the space X and its
implications. In this section we shall see what additional information we can obtain
about the homomorphism of the previous two sections using the information.

First we consider the case that the group G acting on the compact space X is
a cyclic group of order [r] for some r € N. In the second part of this section we
consider then the case where X is a Z,-space.

Proposition 2.73. Let X be a compact G-space with G an cyclic group of order [r].
Let H C G be the smallest non-trivial subgroup of G and assume that the fized point
set XH is of homology dimension < n. Then I,(X) = 0 for all k > n.

Before we turn to the proof of this proposition we shall add the following
Corollary 2.74. The homomorphisms
v Hi(X) — HI(X)  and ke Hy(X/G) — Hyy (X)
are monomorphisms for k > n and even isomorphisms for k > n.

Proor oF THE COROLLARY. By Proposition 2.53 we have the two exact se-
quences

L1 (X) — Hp(X) 5 HY(X) — Ii(X)
and
L1 (X) — Hea (X/G) =5 Hy (X)) — L(X)
By the previous result we have that 41 (X) = 0 for £ > n and thus the homomor-
phisms 1.: H(X) — HZ(X) and k.: Hy1(X/G) — HZ_H(X) are monomorphisms

for k > n. Moreover if k > n then I;(X) = 0 therefore 1,: H,(X) — HY(X) and
Kw: Hy1 (X/G) — HZH(X) are isomorphism for k > n. O

Some preparation is needed for the proof of Proposition 2.73. This preparatory
work will be done in the next three minor results.

Lemma 2.75. Let H be a subgroup of G and denote by F the fixed point set X .

For any special covering A of X denote by Ly the fized point set of Ky under the
action of H. Then we have

H(F/G;G) = lim H(Lx/G; G)

where the inverse limit on the right side is taken over oll special coverings of X
and G is an arbitrary compact abelian coefficient group.

PROOF. Observe that given an open covering A of F there exists a special
covering A of X such that

ANF:={UNF:UcXand UNF # }

refines \'. Thus the set of all coverings of the form AN F with A being a special
covering of X forms a cofinal subset of the collection of all open coverings of F'. All
these coverings are regular and thus we can apply Proposition 2.49 and get

H(F/G:G) = lim H(Kxnr /G5 G).

If A is a special covering of X it follows from the fourth requirement of a special
covering that for any H-invariant U € A we have UNF # Q) and thus UNEF € ANF.
On the other hand, if U N F' is an element of AN F' then by the second requirement
for a special covering it can be deduced that U is a H-invariant element of A\. Thus

the assignment U +— U N F' defines a bijective correspondence between the vertices
of Ly and Knp.
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Furthermore it follows from the fourth requirement of a special covering that
this assignment extends to a simplicial isomorphism L) — Kxnp. From this it
follows then that

im H(Kx\nr/G;G) = lim H(Ly/G; G)
and altogether we get then
H(F/G;G) = lim H(Kxnr/G; G) = lim H(L»/G; G). 0

Lemma 2.76. Let H be a subgroup of G, denote by F the fized point set X1
and assume that the hd F < n. Let X\ be a special covering of X. Then for any
k > n there exists a special covering u of X refining A such that any G-equivariant
refinement projection p: p — X induces a trivial homomorphism

ps: Hy(Ly/H;G) — Hyp(La/H;G),

where L, and Ly denote the fized point sets of Kf and K and G is an arbitrary
compact and discrete — thus finite — coefficient group.

In particular this means that any such refinement projection p: p — X\ induces
a simplicial map

p: Cr(L/G;G) — Cr(Lr/G;G)
which maps Zi,(L,,/G;G) into Br(Lr/G;G).

PROOF. Since hd F' < n we have that hd F/G < n and therefore H,(F/G) =0
for £ > n. By the previous lemma we know that then also

lim Hy (L /G5 G) = 0.

If X is a special covering, then Hy(Ly/G;G) is finitely generated and since the coef-
ficient group G is assumed to be compact and discrete it follows that Hy(Ly/G;G)
is discrete. Thus {0} is an open subset of Hy(Lyx/G;G). We have

pa(lim Hy, (L /G;G)) C {0}
and we can apply Proposition 1.21. It follows that there exists a special covering

p of X refining A such that the homomorphism p.: Hy(L,/G;G) — Hi(Lx/G;G)
induced by a G-equivariant refinement projection is trivial. (|

Recall the notation introduced in the first section of this chapter (page 28). The
subgroups of G were labeled by H; (0 < i < r) such that we had the descending
series of subgroups ordered by strict inclusion

G=Hy>DH{D>...ODH,_1DH,.=0

Given a regular G-complex K the fixed point sets K were denoted by Lj;.
Similarly we will denote in the following for any regular G-covering A of X by Ly,
the fixed point set Kfi.

Recall further that we denoted by Zj the cyclic subgroup of R with exactly &
elements. Then we have by Lemma 2.19 that

r—1

D(Ky) = Z C(Lxi/G; Zj—),

k=0

that is every element ¢ € D(K)) is of the form ¢ = ¢; + ... + ¢,—; with ¢; €
Cr(Lxi/G; Zjr—q).
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Lemma 2.77. Assume that the fized point set X5 is of homology dimension < n.
Let k > n be a fized integer. Let u, \ be special coverings of X with pu refining \.
Let p: p — X be a G-equivariant refinement projection and assume that p induces
a trivial homomorphism

ps: Hi(Lyj /G Zp) — Hi(Laj/G; Zp).

Let 0 < j <7 —i. If then c € Zy(D(K,)) is an element of the form ¢ = ¢; +
oo ey with ¢; € C(L,;/G; Zjp—y)) then there exists an element ¢’ € Z,(D(K,,))
of the form ¢’ = ¢ 1 + ...+ c._y with ¢; € Cx(Lx;/G; Z|p—y)) such that p(c) — ¢’ €
Bi(D(KX))-

PROOF. First observe that if a € Z; then [jla € Z,_j) for j < i and [jla =0
for j > i. Thus if ¢ > j we have for any ¢; € Cy(L,;/G; Z,—;) that [r —i—1]¢; =0
for i > j and [r —j — 1]¢; € Cy(L,;/G; Zp). Then

r—j—1lle=[r—j—1(¢+...+¢—1)
=[r—j—1¢+0+...+0
=[r—3j—1ec; € Cu(Ly;/G; Zp)
and thus

O([r —j = lej) = O([r —j — 1e)
=[r—3j—1]0(c)
=0
since by assumption ¢ € Zy(D(K},)). Thus [r —j — 1]¢; € Zi(L,;/G; Z,).

By assumption p.: Hy(L,;/G;Z,) — Hi(Lx;/G;Z,) is trivial, that is the
map p: Cy(Ly;/G; Zp) — Cr(Lyj/G; Z, maps every element of Z(L,,;/G; Z,) into
By (Lx;/G; Zp). In particular p([r — j — 1]¢;) € Br(Lx;/G; Zp). Thus there must
exist an a;- € Cy+1(Lxj/G; Zp) such that

9ay = p([r —j = lej).
Then a; := a}/[r —j — 1] is an element of Cy(Lyx;/G;Z|,—;) and we have by
construction p([r — j — 1]¢;) = [r — j — 1]0q;.

We define an element ¢’ := ¢/ +...+c._; € Di(Ky) by

i1 = p(cj) — daj +plcjrr),
e =p(ci) (fori > j+1).
Clearly ¢’ € Zy(D(K\)) and ¢; € Cx(Lx;/G; Zjp—i—1)) for all i > j+1. Since Ly; C
L+ and [r—(j+1)](p(c;) —9a;) = 0 it follows that ¢, € Cx(Lx;/G; Zjp—j-1)),
too. Thus ¢ has the from required by the lemma and by construction we have that

p(C) —d = 86Lj S Bk(L/\j/G; Z[T,j,l]) C Bk(D(KA)) U

PRrOOF OF PROPOSITION 2.73. Let Ao be an arbitrary special covering of X.
Then by repeated use of Lemma 2.76 we can construct a sequence of special cover-
ings

AN —— Al — A — ... — Ay —> A — Ap
such that \; is refining \;_; for all © > 0 and such that the refinement projection
Dx;_1x;¢ Ai — Ai—1 induces a trivial homomorphism
Paiaxixt Hi(Dxyr—iy/ G Zp) — Hy (L, (r—0)/ G5 Zp)
for ¢ > 0.
Denote for 0 < i < j by pij: Cp(Ky;/G) — Ci(Ky,/G) the composite
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By repeated application of Lemma 2.77 we get that for any ¢ € Z;(D(K),)) the
element p;,(c) is homologous to an element ¢ = c,_; + -~ + ¢;_; with ¢} €

Zx(C(Lx,5/G; Zjr—j5))). In particular po.(c) € Zk(D(K;O)) is homologous to 0.
Thus por«(e) = 0 for any e € I(K,) and therefore I} (X) is necessarily trivial

since the arbitrary choice of the special covering Ag. t

Consider a compact G-space X with hd X < n and denote by H the smallest
non-trivial subgroup of G. Let k > n be an arbitrary integer. Then the fixed point
set X is a closed subset of X and thus hd X < n by Proposition 1.54. We have
then

Hy(X)=H{(X) and  Hp(X/G) = Hy 4 (X) (2.78)
by Corollary 2.74.

Since the homology dimension of X is finite and G is a finite group the homology
dimension is preserved when passing to the orbit space (Proposition 1.59). Thus
hd X/G < n and as a consequence Hy/ (X/G) = 0 whenever k£’ > n. In particular
H1,(X/G) and Hyy1(X/G) are both trivial. Therefore H,,;(X) = 0 since it is
isomorphic to Hy,1(X/G) as concluded before. Then due to Lemma 2.61 we have
that also HJ, ,(X) = H;1(X) =0.

From Proposition 2.53 we have the two exact sequences

Hiy(X) — H{(X) — Hi(X)
and

Hy 1 (X) — Hi(X) — Hp(X)
Hy(X) = 0since hd X < k and thus it follows from the first sequence that H (X) =
0 because H,,,(X) = 0. Then also H;(X) = 0 due to (2.78). Since k > n was
chosen arbitrarily we have that necessarily H ; +1(X) =0, too, and thus we have

by the second exact sequence that HJ (X) = 0. Therefore also Hj (X) = 0 due to
Lemma 2.61. Thus we have shown

Proposition 2.79. Assume that hd X < n. Then the special homology groups
HY(X), Hy(X), H{(X) and Hy(X) are all trivial for k > n. O

Corollary 2.80. The homomorphisms
we: HI(X) — Hy(X)  and Wl HL(X) — Hp(X)
are monomorphisms for k > n.

Proor. By Proposition 2.53 we have the two exact sequences

Hy 1 (X) — H(X) =5 Hy(X) (2.81)
and
H (X)) — HI(X) 5 Hiy(X) (2.82)

Since HZH(X) and HZH(X) are both trivial for k& > n it follows that both
wer HY(X) — Hy(X) and w: Hf(X) — Hy(X) are monomorphisms for k > n. O

Note that in the above situation the w, and w! are isomorphisms of trivial
groups for k > n.

Finally we shall return to the case where X is a compact Z,-space and we will
prove a similar result to Proposition 2.73. The next two lemmas — especially the
latter one — complete Yang’s presentation of Lemma 5.3 in his paper and which will
be in this text Proposition 2.85 and the corollary following it.
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Lemma 2.83. For any 0 <1 < the canonical projection m;: X — X/Z; maps the
fized point set X% homeomorphically onto m;(X%).

PRroOOF. The restriction of 7; to X% is an injection. The set X% is compact
since it is a closed subset of the compact space X. Since Z; is a compact group
and X is assumed to be Hausdorfl it follows that X/Z; is Hausdorff, too. Thus the
restriction m;: X% — X/Z; is an embedding. t

Lemma 2.84. Let 0 < j <i. Then m;(X)% = m;(X%).

ProOF. The inclusion m;(X%i) C m;(X)% is apparent. Thus we assume that
x € X is an element such that gm;(x) = m;(2) for all g € Z;. Then 7,(gz) = m;(z)
for all g € Z;. Let g € Z; \ Z;41. Then from m;(gz) = m;(z) it follows that there
exists an ¢’ € Z; such that g¢’z = x. Thus g¢’ € G, where G, denotes the isotropy
group of z. Since G, is closed it must be of the form G, = Z; for some j' € N.
Now since j < i it follows that hji1(g) # 0 but h;y1(¢9’) = 0 and thus we have
hjt+1(gg’) # 0. Thus g¢' € Z; and therefore Z; C G,. Hence j > j" and thus finally
re X%, ]

Let 7 > 1 be an arbitrary positive integer and assume that the homology di-
mension of X% does not exceed n. Then according to the previous two lem-
mas 7;: X — X/Z; maps the fixed pointset X%i-1 homeomorphically onto the
set (X/Z;)%-1. Now observe that the action of Z; ; on X/Z; is identical to
the action of H C Zj) on X/Z; where H is the smallest non-trivial subgroup
of Zp;;. Then hd(X/Z;)" < n and we can apply Proposition 2.73 and conclude that
I(X/Z;) = 0.

Now if there exists a n such that hd X% < n for every ¢ € N then we get the
following two results which correspond to Lemma 5.3 in Yangs article

Proposition 2.85. Let X be a compact Z,-space. Assume that hd X% <n for all
1 € N. Then we have for every i > 0 that I.(X/Z;) = 0 whenever k > n. O

Applying Corollary 2.74 to this result yields then the following result.
Corollary 2.86. For all i € N the homomorphisms

vie: Hi(X/Z;) — HJ(X/Z:)  and ki Hyr(X/2,) — Hyyy (X)Z5)

are monomorphisms for k > n and even isomorphisms for k > n. (]

6. Summary

Assume that the p-adic integers Z, act as a transformation group on a topolog-
ical space X. Then for every i € N the action of Z, on X induces in a natural way
an action of the cyclic p-group Zj; on both the fixed point set X Zi and the orbit
space X/Z;. Therefore not only the results of Section 4 about the action of Z,
and their improvements in Section 5 are of importance but also the results from
Section 3 on the action of cyclic p-groups and their improvements in Section 5 are
essential.

In the first section of this chapter we constructed a slightly more general form
of Smith theory for simplicial complexes and the action of cyclic p-groups. The
major result of Section 3 is that we have no problem to extend the modified Smith
theory developed so far to the Cech homology theory. The main key to this result
is the existence of special coverings which form a cofinal subset of Cov(X) in the
case that X is a compact topological space.
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Therefore we obtain for the action of a cyclic p-group G on X — see Proposi-
tion 2.53 — a collection of long exact homology sequences, namely

— HI(X) 25 H(X) 25 Hy(X) — HP (X)) 25 .. (2.87)

S HI(X) S5 H(X) T HL(X) — HI(X) 5 (2.89)

— H (X)) %S Hy(X) =5 Hy(X/G) — H,_(X) <% (2.89)

— Hy(X) 2 HI(X) =5 L(X) — H, (X)) 2. (2.90)
and

s (X)) I Hy(X/G) B HU(X) — LX) 2.0 (2.91)

Here the special homology groups are with respect to the cyclic p-group G, see
Definition 2.51. Furthermore we obtain a collection of small technical but useful
results, namely Lemma 2.59 to Lemma 2.63.

Using the homology dimension of the space X we can show that all special
homology groups are trivial in dimensions exceeding hd X, which is consistent with
Hy(X) = 0for k > hd X (Proposition 2.79). As a useful consequence it follows that
both homomorphism w: HY (X) — Hy(X) and w’: Hf(X) — Hy(X) are monomor-
phism for ¥ = hd X and trivial isomorphisms for & > hd X (see Corollary 2.80).

These are the essential results derived for the Smith theory developed for the
action of cyclic p-groups and Cech homology theory. Now the extension of this
construction process to the action of p-adic integers on compact spaces and Cech
homology theory turns out to be more difficult and it is impossible to extend all
concepts and results of the previous case to the new setting. The main reason for
this is that there is no way to define the special homology groups HJ(X) and the
homomorphisms o,: Hy(X) — Hy(X) (see the comments preceding Definition 2.67
and Proposition 2.70).

But still we can define the special homology groups HJ (X) (which are identical
to Hy,(X) by Lemma 2.68) and H,(X) in the p-adic case and we can extend — see
Lemma 2.69 — the definition of the four homomorphisms

7 H(X) — H (X), wi: H™(X) — H(X),
(wi)y: H (X) — H(X), T H(X) — H(X/2,)

to the p-adic case. Thus only two of the long exact sequences of Proposition 2.53
can be safely transfered into the new environment, namely

’
w

> HE(X) S5 Hy(X) = Hy(X) — Hp (X)) 25 . (2.92)
and
s Hy(X) Y (X)) T Hu(X)2,) — Hy (X)L (2.93)

(see Proposition 2.70). Note that Yang claims by mistake that it would not be
possible to extend the definition of the homomorphism 7: H(X) — H(X/G) to the
p-adic setting (compare Lemma 2.69 with [Yan60, p. 212]). Therefore Yang could
not prove the exactness of the sequence (2.93) in its full generality, but just up to

T T 5T (W1)s Tu
T n+2(X/Zp) - Hn+1(X) — Hpp1(X) — n+1(X/Zp)

under the assumption that hd X% < n for every i € N (compare with Corollary 5.4
in [Yan60, pp. 212ff.]).
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The last important result for the p-adic case is that we can — if the homology
dimension of the fixed point sets X% for all i € N is bounded — improve our
knowledge about the groups I(X/Z;) and the homomorphisms

vie: Hy(X)Z;) — HY(X/Z;)  and ke Hy1(X/2,) — Hio i (X/)Z)

where the special homology groups and the groups I (X/Z;) are defined for the
action of the cyclic p-group Z; on X/Z; (see Proposition 2.85 and Corollary 2.86).
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